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Article summary

We develop improved methods for three cratering statistics problems: (1) Probability Density Functions
(PDFs) of model ages of that incorporate multiple sources of error; (2) PDFs of the slopes of log-log
plots of crater size-frequency distributions (SFDs); (3) a Slanted Average Shifted Histogram (SASH) to
plot crater SFDs.

Abstract

Crater counts provide a rich source of information about the history of our solar system, including age
estimates of many geologic terrains. In this work we present substantial improvements to existing
statistical methods. Existing methods have only included counting error in age estimates. We have
developed mathematical methods to calculate age Probability Density Functions (PDFs) that
incorporate the error of identifying craters, measuring diameters, selecting the minimum diameter, and
the chronology system. We derive more accurate methods for measuring the slopes of log-log plots of
crater size-frequency distributions (SFDs), and we show with synthetic modeling and analytical
derivations how existing methods are biased. To measure the full shape of the SFD, we present the
Slanted Average Shifted Histogram (SASH), a more accurate method for approximating the SFD from a
limited number of observed craters. As examples, we show: (1) how the age PDFs of two counts of
Canala Crater become much more consistent when all sources of error are included, (2) a practical
guide to the age calculation, (3) a visualization of the math of the age calculation, and (4) how the SASH
model reveals that the cratered plains of Mimas, Enceladus, Tethys, Dione, and Rhea display
equilibrium saturation. With our methods, future researchers will be able to much more accurately
estimate the PDF of age and understand the shapes of crater SFDs.
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1 Introduction: existing methods

The Crater Analysis Techniques Working Group (Arvidson et al., 1979) proposed a set of standardized
statistical methods for analyzing and displaying the size-frequency distributions (SFDs) of crater counts.
Under these standards, crater SFDs are displayed on four types of log-log plots: cumulative, differential,
incremental, and R (relative). For each plot, the Arvidson et al. (1979) standards suggest that analysts
assume normally distributed error, with error bars of: ¢ = VN, where N is the number of craters.

Using the Arvidson et al. (1979) methods, Neukum (1983) formalized a mathematical framework for
using crater counts to date geologic units that has become widely accepted. It centers on two functions:
the production function and the chronology function. The production function (D) shows the expected
size-frequency distribution of craters on a cumulative plot as a function of diameter D. The chronology
function C relates T, the age in Ga, to N(1), the cumulative density of D 2 1 km craters per km?:

k

A

where A is area in km?, and A is the model count of craters larger than D (for the relationship between
the model count A and the observed count N, see Section 2.1). By applying the chronology function, the
production function could be scaled up or down in crater spatial density space to create isochrons on
the cumulative plot for any age. These isochrons could then be fit to the observed data to calculate an
age.

Neukum (1983) combined the Neukum et al. (1975a), Neukum and Kénig (1976), and Konig (1977)
production functions with new D > 5 km data to create the Neukum Production Function (NPF) for the
Moon. After adjustments by Ivanov et al. (2001), the NPF takes the form:

(1)
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where D is diameter in km, A is the model count of craters larger than D, A is area in km?, and the g;
are empirical constants whose values Ivanov et al. (2001) list. To fit the NPF, Neukum (1983) used least
squares fits to Arvidson et al. (1979) plots of his data.
Expanding on work by Neukum et al. (1975b) and Neukum and Wise (1976), Neukum (1983) calibrated
the Neukum Chronology Function (NCF) from crater counts on terrains dated by Apollo or Luna samples.
After updates by Neukum and Ivanov (1994), it takes the form:

C(T) = 5.44 x 107 (€497 - 1) + 8.38 x 107T, (3)

where T is age in units of Ga. Neither the production nor chronology functions have error models, so the
NCF is typically applied as if it were perfectly accurate, even though Neukum (1983) states that there are
errors. Other lunar chronology functions (Hartmann et al., 1981; Hartmann et al., 2007; Robbins, 2014;
and Werner et al., 2023) disagree with the NCF and each other. The Chang’e 5 and Chang’e 6 missions
added two more calibration terrains, but crater counts by different authors differ significantly (e.g. Jia
etal., 2020; Qian et al., 2021; Werner et al., 2023; Luo et al., 2024; and Qian et al., 2024).

Computational advancements brought updates to the traditional methods. Michael et al. (2016)
replaced the practice of isochron fitting by directly calculating a probability density function (PDF) of
age from the observed number of craters and counting statistics. Robbins et al. (2014) measured human
error in both crater identification and diameter measurement, but these sources of error have yet to
be incorporated into age PDFs. Robbins et al. (2018) replaced least squares fits of single-slope crater
SFDs with the Maximum Likelihood Estimator (MLE) of the slope-likelihood distribution of the Pareto
distribution, and they also modified Arvidson et al. (1979) plots with a Kernel Density Estimator (KDE)
approach. Otherwise, relatively few changes have been proposed to the formalism developed almost
half a century ago.

In this work, we provide what we think is a next step towards advancing the proper statistical treat-
ment of impact craters, made possible by faster computers and better mathematical techniques in the
literature. We highlight three key applications of cratering statistics. In Section 2, we focus on the Age
Problem: calculating ages from crater counts. In Section 3, we focus on the Slope Problem: measur-
ing the slope of crater SFDs in log-log space. In Section 4, we focus on the Plotting Problem: approx-
imating the full form of the SFD from a limited number of craters. In each case, we present signifi-
cant improvements to existing methods. Section 5 discusses three worked examples, and Section 6
presents our conclusions. Expansive Appendices provide more of the mathematical backing. To make
our methods widely available, we have written a Python package, cratersfd, which can be downloaded
from https://github.com/samwbell/cratersfd.
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2 TheAge Problem

Mathematically, we solve the Age Problem by solving Equation (1):

reet v = e (3 (-2 )), @)
A 2 (Dmin) - B (Dmax)

where G is the inverse function of the chronology function, D, is the minimum diameter of craters
counted, and D,,,, is the maximum diameter. (When D, is infinite, p (D,ax) = 0.) Critically, however,
the values of these variables are not perfectly known. In formal terminology, they are random variables.
Mathematically, we quantify the probability distribution of different values of a random variable with a
probability density function (PDF), a concept that Michael and Neukum (2010) and Michael et al. (2016)
introduced to the Age Problem. If the random variable does not have a continuous distribution and
instead has discrete possible values (such as a random variable whose possible values are only whole
numbers), its probability distribution is a probability mass function (PMF) instead of a PDF.

When we represent random variables as a central value and error bars, this is an approximation.
When mathematical operations are applied to random variables, the full form of the PDF matters, and itis
not sufficient to apply the mathematical operation to the central value - unlike the cornerstone assump-
tions of current methods. Instead, there are long-established specific rules for random variable math,
which we review in Appendix A. When working with random variables, it is necessary to apply these rules
- which existing Age Problem methods have not done. Critically, random variable math also provides a
framework to incorporate sources of error beyond counting error. Although existing Age Problem meth-
ods acknowledge that sources of error beyond counting statistics apply (e.g. Michael et al., 2025), they
did not incorporate other sources of error into age PDFs. Using random variable math, we have further
developed the mathematical methods to incorporate multiple sources of error.

We have broken this broader section on the Age Problem into nine smaller sections. In the first
seven we discuss different sources of error and how to quantify them: counting error (Section 2.1), hu-
man crater identification error (Section 2.2), diameter measurement error (Section 2.3), production and
chronology function error (Section 2.4), area error (Section 2.5), D,,,;, selection error (Section 2.6), and ad-
ditional error factors (Section 2.7). With random variable math, we can incorporate all of these sources
of error into the PDF of N(1), and in Section 2.8 we discuss the final step in Equation (4): applying the
inverse chronology function €' to the N(1) PDF to arrive at the PDF of age. Finally, in Section 2.9 we
combine these concepts into our final Age Problem solution.

2.1 Countingerror

The Poisson distribution describes the probability P of N craters being observed given a model count
A (Arthur, 1954):
e-AAN
P(N) = N (5)
In the Age Problem, however, we are looking for the PDF of A, not the PMF of N. Traditional Age Prob-
lem methods (e.g. Michael and Neukum, 2010; Michael et al., 2016; Bell, 2020; Michael et al., 2021,
Michael and Liu, 2025) have described the A PDF as being governed by the Poisson distribution equa-
tion. This does produce the correct A PDF, but it is important to clarify that it is only N that follows a
Poisson distribution. The model count A follows a Gamma distribution, with shape parameters=N + 1
and rate parameter r = 1:

raxS e ™ xehs=N+tir=1 PO - e N
r(s) TN+ 1)

(The Greek letters a and 8 are typically used for the shape and rate parameters. We use s and r to avoid
confusion with the a parameter of the Pareto distribution.)

The equation for a PDF will give the relative probability of any of its parameters, but a PDF must be
normalized so that its probability integrates to 1, and switching the variable can change the normaliza-
tion. Here, it replaces the factorial with its continuous extrapolation, the Gamma function I defined so
that N! = (N + 1). Recognizing the A PDF as a Gamma distribution allows us to apply the theorems of the
Gamma distribution. For instance, the mode (the maximum likelihood value) is (s - 1)/r = N, and the
meaniss/r = N + 1. This causes the PDF to be asymmetric at low N and approach symmetry as N rises.

Because the production function varies with diameter, early versions of traditional methods fit pro-
duction function isochrons to crater SFD plots. In a mathematical proof, Michael et al. (2016) showed
that the total N will follow the Poisson distribution (Equation (4)), even though the production function
varies with diameter, but this approach was questioned (e.g. Robbins et al., 2018). To test this, we built a
synthetic model that breaks the production function into very small, independent diameter increments,

P(x) = (6)

3 PLANETARY RESEARCH | volume 1|2026



PLANETARY RESEARCH | ARTICLE | The theory of cratering statistics

100.00 A

Model Crater Count A

0.10 A

0.01 -

10.00 1§

1.00 4

Crater Diameter (km)

A=25 A=5 A=20
a Poisson Distribution N=5 b ) Poisson Distribution N=0 C »  Poisson Distribution N=22
1,000,000 Synthetics N=1 1,000,000 Synthetics N=3 1,000,000 Synthetics N=19
0o®e N=1 9% N=5 Sy, N=19
3 ®_ o @ & - & | "
® 02000 DOOOG N=4 2 0000000000 N=6 o-gﬁ‘--*"!’. "'”‘-_-nnniﬁa’ng, . N=26 £ 100.00
T T T N=2 T T T T N=2 T T T T N=17
0 5 10 N=0 0 5 10 15 N=7 10 20 30 40 N=23
Total number of craters (N) N=5 Total number of craters (N) N=8 Total number of craters (N) N=14
- - X - <
L L 2
3 F 10.00 g
O
- —
[
-
©
p—
(6]
F100 3
=
o
=
Example diameter interval Example diameter interval Example diameter interval
intervals, each with intervals, each with intervals, each with
1.8866 1 a very low A. 3.773 a very low A. 15.093 a very low A.
y - A Bz g T = F0.10
1.8811 |A=0.0055 3.762 |A=0.011 15.049 |A=0.044
12.75 12.80 12.85 12.90 12.75 12.80 12.85 12.90 12.75 12.80 12.85 12.90
Diameter (km) Diameter (km) Diameter (km) Lo.01
10 100 10 100 10 100

Crater Diameter (km) Crater Diameter (km)

Figure 1| Synthetic modeling results of the Michael et al. (2016) proof that the total raw N follows the Poisson distribution. We broke the production
function (the “new” NPF - Ivanov et al., 2001) into small diameter intervals (example shown in the insets) and randomly generated craters for that
interval with the Poisson distribution (Equation (5)). Then, we combined the results for all intervals to produce a synthetic crater dataset. We
generated 1000 000 synthetic datasets and compared the distribution of observed N to the Poisson distribution. At each value of A, it exactly
matches the Poisson distribution, even though we generated craters at different diameters - confirming Michael et al. (2016)’s proof. We show
seven randomly selected synthetics with the traditional (Arvidson et al., 1979) form of the cumulative plot without error bars. We use the traditional
form because we have yet to introduce our preferred form of the cumulative plot (see Section 4.1 and Figure 6).

then randomly generates craters at those diameters. The total N matched the Poisson distribution, ex-
actly as Michael et al. (2016) predicted (Figure 1). The implications are considerable: in the Age Problem,
we can treat each crater in our diameter range equally.

For these reasons, Michael et al. (2016) strongly discourage the practice of isochron fitting because
itis unnecessary and introduces additional errors that are completely unneeded. We agree. However, it
is still essential to plot the data to ensure that the SFD does, in fact, match the production function (see
Section 4). Without plotting the data, this cannot be assumed. If we choose a D,,,;, where the SFD is de-
pressed by saturation, erosion, or resolution, the resulting age will be too low. When a terrain has been
resurfaced, it can record two different ages at different diameter ranges, which must be measured sep-
arately (Michael and Neukum, 2010). Finally, the production function might be meaningfully inaccurate
for the data in question.

2.2 Human crater identification error

Traditional methods have not incorporated human error in crater counting, an important shortcom-
ing because it is unrealistic to assume that crater counters always identify every crater and never identify
a quasi-circular feature as a crater when it is actually something else. Robbins et al. (2014) quantified
these effects, comparing results by different experts on the same two images: a NAC image of the Apollo
15 landing site and a WAC image with both a mare and a highlands terrain. They found that these errors
are considerable: at N =1, the error was roughly +50%, but as N increased (and D decreased), the relative
error decreased until it plateaued at a minimum level that depended heavily on saturation conditions
(see Section 2.7 for a discussion of saturation and the definition of “equilibrium”). For the NAC and high-
lands terrain, the error plateaued when the SFD reached equilibrium, hitting a minimum level of roughly
+30% in the NAC and +40% in the highlands. In the mare, human crater identification error plateaued
at £10% before reaching equilibrium, but when the SFD reached equilibrium, the error increased until it
reached roughly +40%.

Here, we lay out the math required to incorporate these effects into the Age Problem. We interpret
these data as a combination of random and systematic error. Random error will decrease with increas-
ing N as random variations average out, but systematic error will not. This means that if one person
systematically counts more vaguely circular depressions as degraded craters than others do, that spe-
cific variation will not cancel out with increasing N.

Astandard assumption for the PDF shape of a source of erroris a normal distribution. Mathematically,
however, these errors cannot follow a normal distribution because a negative countisimpossible, so we
choose a lognormal distribution instead. In a normal distribution, the probability is equal at y + x and
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p - x, where u is the mean. When we apply the natural log function to a normal distribution, we get a
lognormal distribution, where the probability is instead equal at px and i/ x, and the distribution cannot
g0 negative.

We quantify the percentage errors as lognormal random variables with a mean of 1 and a width that
reflects the percentage error p. For instance, for 25% error, p = 0.25, and the error barsfallat 1/1.25 = 0.8
and 1.25. The PDF of a lognormal random variable is:

nx- 2
e_(l Za;) o2
P(x) = ,where o = In(1+p),and y = -—. @)
xo\/2m 2

This random variable forms an error kernel that is multiplied by the variable in question with random
variable math (see AppendixA). In the case of human crater identification error, the error kernelis applied
to the model count A.

In Appendix A.1 we derive how to combine random and statistical error into a single lognormal hu-
man crater identification error kernel:

ii1 Er
Ep = Es——, (8)

where & is the systematic error kernel, the &, are the random error kernels for each crater, and & is the
combined human crater identification error kernel. If we assume the &,, are identical, the percentage
error of &, is py,, which can be found by the very close approximation:

n(1+py 27
\/‘"(%ﬂ)«ln(ws»z
Pn=¢€ -1, (9)

where p, is the random error percentage of a single crater, and p; is the systematic error percentage. The
Robbins et al. (2014) data match a model where p, = 50%, and p, = 10% in the unsaturated WAC mare, p; =
30% in the saturated NAC mare, and p, ~ 40% in the saturated WAC highlands. Because the Age Problem
must be applied to unsaturated data, the Robbins et al. (2014) results would imply values of p, * 50%
and p, = 10%, but they miss an additional source of human crater identification error: the image used
for counting.

Robbins et al. (2014) used the same image on a single planetary body, and image characteristics
can introduce additional error factors due to variations in lighting conditions and resolution. Because
the sharp rims of fresh craters are easier to see without the shadows of low sun angles than the sub-
tler rims of degraded craters, the effect of incidence angle varies significantly with saturation and crater
degradation conditions. Examining a distribution almost entirely in equilibrium, Robbins et al. (2025)
found significant effects that faded as diameters increased towards leaving equilibrium, and Ostrach
(2013) found that these effects continue to fade as D increases past the rollover into diameters that have
not reached equilibrium. Examining the same region of Mare Imbrium at87°,82°,71°,and 50°, Ostrach
(2013) found larger rollover diameters at lower incidence angles but equivalent ages for all fourincidence
angles with a conservative selection of D, safely above the rollover. Although resolution effects have
been assumed to become negligible above a completeness diameter calculated from the resolution-
induced SFD rollover, Robbins et al. (2025) found effects continuing above the apparent completeness
diameter.

Considering these data cumulatively, we interpret image to image variation as only slightly increas-
ing human error for the Age Problem, so we recommend assuming p, = 60% and p, = 12% (increased
by 20% from p, = 50% and p, = 10% implied by the Robbins et al. (2014) results). However, these are
only the default values. If resolution is low, the incidence angle is below ~50%, or there are other fac-
tors complicating crater identification, we recommend estimating higher values. Ideally, a researcher
would perform their own experiment to quantify their own human variation, but that is not always fea-
sible. Finally, if multiple counts by the same person are being compared, we recommend assuming no
systematic error.

2.3 Diameter measurement error

Humans do not measure crater diameters with perfect accuracy, and craters are almost never perfect
circles. There will always be some error, but these errors have never before been incorporated into the
Age Problem. Comparing expert counts of the same terrains, Robbins et al. (2014) found ~10% diameter
measurement error on lunar maria close to where the SFD rolls over to equilibrium, decreasing to ~5%
as diameters increase further away from the rollover. When he compared his global D> 1 km lunar crater
database with the Losiak et al. (2009), Head et al. (2010), and Povilaitis et al. (2018) databases, Robbins
(2019) found an average random error of ~4.9% and an average systematic error of 0.83%.
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Based on these results, we recommend default assumptions for diameter measurement error of
pp, = 1% systematic error and pp, = 5% random error when D, is chosen far from the equilibrium
saturation rollover, rising to pp_ = 2% and pp, = 10% when it is close to the rollover. We again rec-
ommend assuming a lognormal distribution. These values will change with various conditions, so we
recommend estimating them for your own data. (Once again, if multiple counts by the same person are
being compared, we recommend assuming no systematic error.)

With diameter measurement error estimates, we urge accuracy because diameter measurement er-
ror does not simply increase the uncertainty: it also shifts the result. When humans make diameter
measurement errors, craters that are slightly smaller than D,,;, can get shifted above D,,;,, increasing
the observed N, and craters that are slightly larger than D,,;, can get shifted below D,,;,, decreasing the
observed N. Because of the negative slope of the production function, there are typically more slightly
smaller craters available to be shifted above D,,;, (where they count towards N) than slightly larger ones
available to be shifted below D,,;,, (where they would no longer count towards N). This means that ran-
dom diameter measurement error typically shifts more D < D,,,;, craters above D,,;, than it shifts D> D,,;,
craters below D,,;,. As a result, random diameter error typically increases the observed N and apparent
age, and adjusting for it typically yields an age PDF with a smaller mean age. However, actual crater
diameters differ with random chance, and these effects depend on the specific data in question.

To demonstrate the effect of diameter measurement error, we built a synthetic model (Figure 2) fo-
cusing on a steep portion of the production function, where diameter measurement error has a greater
effect. For each run, we start with a synthetic crater count with 10000 D > 0.0077 km craters generated
from the NPF, then we count the number of craters larger than D,,;, = 30 m to measure the true N. To
simulate a human crater counter not quite perfectly measuring crater diameters, we randomly add in
measurement error for each crater (see Appendix A.2). Then, we count the number of craters larger than
Dmin =30 m to measure the observed N. Repeating this process 10 000 times, we calculate the distribution
of observed N to true N ratios that diameter measurement error would produce.

The results of the synthetic model are clear (Figure 2). On average, diameter measurement error
artificially skews observed N and apparent ages higher, but the effect depends on the data in question,
and sometimes diameter measurement error can lower N values and apparent ages. In the synthetic
model, our default values of 5% random error and 1% systematic error produce a ratio of observed N to
true N of 1.009+0.044 (Figure 2). In less ideal conditions, the effect can be considerable, with 20% random
error and 3% systematic error producing a ratio of observed N to true N of 1.121+0.121 in our synthetic
model (Figure 2).

In Appendix A.2, we lay out the math for correcting for the bias and incorporating diameter measure-
ment error, which we have validated with a synthetic model (Figure Al). Although the math is relatively
complex, especially for random error, we present a code that can efficiently calculate it as part of the
cratersfd package.

2.4 Production and chronology function error

Traditional Age Problem methods do not incorporate production or chronology function errors for
two reasons: both production and chronology functions lack robust error models, and the math for in-
corporating chronology system error has not been developed. Because these errors are considerable,
by ignoring them, crater analysts have been producing ages with dramatically understated error bars.
Calling attention to this problem, Michael et al. (2016) recommended applying a i operator to ages as a
“perpetual reminder” of chronology system uncertainty.

Instead of simply saying this error is unknown, we recommend making an estimate: applying an
error factor to the N(1) PDF. Lagain et al. (2021) recommended a factor of ~2 on Mars, but we believe
the sources of error are, cumulatively, sufficient to justify somewhat wider error bars: calibration ter-
rain crater counts vary by roughly a factor of ~50% between different researchers (e.g. Neukum, 1983;
Robbins, 2014; Jiaetal., 2020; Qian et al., 2021; Werner et al., 2023; Luo et al., 2024; Qian et al., 2024). Dif-
ferent researchers have also disagreed about which calibration terrains can be robustly correlated with
returned samples (e.g. Neukum, 1983; Robbins, 2014; Werner et al., 2023). Additionally, potential spa-
tial variations in the cratering rate may further increase these uncertainties (e.g. Morota and Furumoto,
2003; Le Feuvre and Wieczorek, 2011; Ghent et al., 2024).

Moreover, all the additional sources of error beyond counting error we describe here apply to the
calibration counts (e.g., human crater identification error also applies to whoever constructed the cali-
bration curves). Although the primary effect of our error model is to increase uncertainty, it also corrects
bias, and there is likely a small average bias correction. (We are unsure of the direction of the average
bias correction because of the uncertainty of the average effect of the D,,;, PDF.) Because this average
bias is not removed from the chronology function calibration data, it adds to the effective chronology
function uncertainty.
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Figure 2 | A synthetic model of diameter error, simulating measuring N at D, = 30 m from 10000 D > 10 m NPF
synthetics with diameter error added in (see Appendix A.2 and Section 2.3 for details). These results confirm that, on
average, random diameter error biases the observed N higher because of the steep exponential shape of the SFD. It
also increases the uncertainty, and even a small amount of systematic error significantly increases the uncertainty.
Note: We show values to 3 decimals to illustrate offsets and biases; we do not recommend a researcher actually
show this many significant figures.

Perhaps most importantly, none of these models incorporate production function error. As formal-
ized by Neukum (1983) and Ivanov et al. (2001), the NPF has no error model, and it is typically used
without one. However, during the development of the NPF, Neukum et al. (1975a) and Konig (1977)
did include error estimates, and from those estimates, we have extrapolated an NPF error model (Ap-
pendix B). From this NPF error model, there is ~90% uncertainty in N(1) between ~10 m, where the recent
calibration terrains are best measured, and ~500 m, where the older calibration terrains are measured.

Crucially, this NPF error model does not include target property effects. Although the NPF (Neukum,
1983) preceded the development of crater scaling theory, Neukum and Ivanov (1994) accepted the scal-
ing law of Holsapple (1993), clarifying that crater size does depend on the material properties of the
target, especially in the strength regime. Because younger calibration terrains like North Ray, South Ray,
and Cone craters are unconsolidated fresh crater ejecta deposits, and older terrains are mostly basaltic
maria, target property effects are especially important for chronology function calibration. Production
function error matters for more than just the chronology function calibration. It also affects the Age
Problem calculation for a crater count at a diameter different from those used to calibrate the chronol-
ogy function.

Finally, there is the possibility that the cratering rate and production function may vary on timescales
of several hundred Myr or less. Although the NPF assumed a constant cratering rate since ~3 Ga, Neukum
et al. (2001) estimated that the cratering rate could vary within a factor of ~2 on shorter timescales over
the past three billion years. Major asteroid collisions and dynamical spreading through the Yarkovsky
effect are predicted to cause impact showers (e.g. Bottke et al., 2001; Bottke et al., 2007). Because the
Yarkovsky effect migrates larger asteroids more slowly (e.g. Bottke et al., 2007), these showers are pre-
dicted to cause fluctuations in the production function as well as the cratering rate. Crucially, these
fluctuations affect both the date of an individual terrain and the chronology function calibration.

Taken together, these sources of error are considerable. In general, very rough estimates for the mag-
nitudes of these effects range from ~50% to a factor of ~2 (100%), so when we combine them all, they
should exceed a factor of ~2. At the same time, there are reasons to think a factor of ~3 might be too high
on the Moon: not every source of error applies in every case. Moreover, errors do not add linearly. For
instance, under the lognormal quadrature rule (Equation (A7)), two 100% (factor of 2) errors combine to
make a ~170% (factor of ~2.7) error, not a 200% (factor of ~3) error. We therefore feel justified in recom-
mending a lognormal factor of ~2.5 for the Moon. For Mars, Venus, and Mercury, we recommend a factor
of ~3 to incorporate the error of scaling the chronology system from the Moon.
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Because chronology function error affects all terrains on a body equally, it should not be included
when determining whether one terrain is older than another. As a result, we suggest it is reasonable to
show an age without chronology system error in addition to an age that does include it. However, we
caution that ages measured at different diameters will still be subject to production function error. To
calculate this error, in the absence of a better model, we recommend using our derivation of the NPF
error model in Appendix B, but we note that it may dramatically underestimate the error in the strength
regime due to target property effects. For many geologic questions, ages without chronology system
error still have deep explanatory power, but the true ages are the true ages. For questions where the
true age matters, it is important to acknowledge the reality of these wide error distributions.

2.5 Areaerror

The area of the count region can often be measured very precisely, and its error can frequently be ig-
nored, but this is not always the case - especially when dating a diffuse unit. For instance, a continuous
ejecta deposit might have seven visible craters larger than D,,;,, but it might not be clear exactly what
the count area around those craters is. Here, we recommend estimating the error as a lognormal factor.
We also note that many area calculation algorithms, such as the ArcMap-based method used by Crater-
Tools (Kneissl et al., 2011), can be imprecise for large regions because the lines between vertices change
when individual vertices are reprojected into an equal area projection. Geodesic methods that avoid re-
projection, such as those available in ArcGIS Pro, only partially mitigate this effect. Geodesic methods
still present problems for measuring large count areas drawn in a projected coordinate system because
the lines between vertices still change when they go from straight lines in the projected coordinate sys-
tem to geodesics that trace the shortest distance between two vertices on an oblate spheroid. To avoid
these problems, we recommend densifying the lines by inserting more points between vertices (or using
a gridded approach of very small rectangles whose area is known and are counted if they are within the
polygon). As an example, Yue et al. (2020) calculated the area of the Orientale ejecta as 1.68x10° km with
CraterTools, and we find an area of 1.85x10° km with both line densification and an integration of very
small rectangles. In cratersfd, we present code to incorporate an area PDF into ages and safely calculate
the area of a large, irregular region.

2.6 D,,, selection error

Finally, we must confront the error in the selection of D,;,. To address equilibrium saturation, reso-
lution limits (Robbins et al., 2014, 2025; Williams et al., 2018; Wang et al., 2020), and erosion, a human
counter typically selects the smallest value of D,,;, not affected by the rollover at smaller diameters. As
Robbins et al. (2014, 2018) and Michael and Liu (2025) warned, N must be measured at a D,,,;, where the
SFD represents the production function and is not deflected by saturation, resolution, or erosion. This
critical part of the Age Problem is not standardized - Robbins et al. (2014) could find no commonality
amongst the eight researchers for defining D,;,,.

Typically, D,,;, is chosen by visually estimating the precise diameter of an often subtle rollover of the
SFD from one of the Arvidson et al. (1979) plots. However, the binned Arvidson et al. (1979) plots provide
limited resolution for how the differential slope changes. With our improved SASH method for making
differential plots (Section 4.2), the SFD can be resolved much more accurately, enabling a more accurate
estimate of D,,;,. (However, we discuss D, here because it is relevant to the Age Problem.)

This will still be an estimate. As with any estimate, there is a range of plausible values. We recom-
mend estimating this range and quantifying it as a PDF of D,,;, (Figures 10d and 12u). For the math to
incorporate the PDF of D;,, see Appendix A.3. When a researcher picks a single value of D,,;,, that choice
can have a considerable effect on the age, so choosing a single value of D,,,;, effectively has the researcher
choosing the age. This makes human biases difficult to exclude - even for the most conscientious an-
alyst. Choosing a PDF of D,,;;, that quantifies the range of values they might pick significantly mitigates
this bias. (For examples, see Sections 5.1-5.3 and Figures 10-12.) Researchers should take care to only
include plausible values in the D,,;, PDF, excluding values they consider likely to be saturated. Including
saturated values could introduce a greater source of error than the selection bias the D,,;, PDF exists to
mitigate.

2.7 Additional error factors

In Sections 2.1-2.8, we have only included well-established sources of error that can be reasonably
constrained and mathematically quantified. Many other potential error drivers exist, but the nature of
these effects is poorly constrained: There is potential bias in count area selection and geologic unitiden-
tification. Secondary crater exclusion methods are not standardized, and different choices frequently
lead to different results. For instance, differences in secondary exclusion methods were one of the fac-
tors that led Jia et al. (2020) and Qian et al. (2021) to reach different crater counts for the Chang’e 5
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landing site. If diffuse “field” secondaries that might be hard to identify as clear clusters or rays (e.g.
Shoemaker, 1965; Wilhelms et al., 1978; McEwen et al., 2005; Xiao and Strom, 2012; Minton et al., 2019)
contribute substantially to observed crater counts, they will not be independent events, which would
increase error.

Saturation, the effect of new craters erasing previous craters, presents significant complications.
Saturation falls into two regimes: (1) the equilibrium regime (Gault, 1970) when the production func-
tion’s slope on a cumulative plot is steeper than ~-2, and (2) the quasi-equilibrium regime (Chapman
and McKinnon, 1986) when the production function function’s slope on a cumulative plot is shallower
than ~-2.

In the equilibrium regime, the observed SFD follows the production function until the crater density
reaches arollover density, where the SFD enters equilibrium and rolls over to a cumulative plot slope that
is shallower than ~-2 (Xiao and Werner, 2015). As more craters are added, the density of the equilibrium
SFD will notincrease (Gault, 1970), and in fact, it will often decrease (Xiao and Werner, 2015). The rollover
density has a cumulative plot slope of ~-2, and it typically has a value of roughly 0.1-0.3 on an R plot
(Richardson, 2009).

In the quasi-equilibrium regime, on the other hand, the SFD follows the production function at low
crater densities, but when the density increases to the point where large craters begin overprinting small
craters, the SFD becomes shallower (Chapman and McKinnon, 1985). Because each new overprinting
crater becomes a blank slate for future cratering, the SFD does not reach a stable equilibrium; instead, it
reaches a quasi-equilibrium that jumps around when overprinting events occur (Chapman and McKinnon,
1985).

For the Age Problem, we need a count where saturation has not decreased the crater density. In
the quasi-equilibrium regime, saturation effects begin at significantly lower crater densities than the
equilibrium regime’s rollover density (Richardson, 2009), creating significant complications for the Age
Problem. Even when a crater falls in the equilibrium regime, but the production function has a quasi-
equilibrium branch at higher diameters, the Richardson (2009) model predicts that quasi-equilibrium
saturation can lower N for diameter ranges that have yet to reach equilibrium. This is important in the
inner solar system. The “new” NPF (lvanov et al., 2001) has a 6 km < D < 52 km shallow branch in the
quasi-equilibrium domain. A lunar crater count that contains some craters larger than ~6 km may ex-
perience quasi-equilibrium effects even if the minimum diameter is smaller than ~6 km and falls in the
equilibrium domain.

In the equilibrium regime, the Age Problem is traditionally done by measuring the crater density at a
diameter above the rollover. However, models (Richardson, 2009; Hirabayashi et al., 2017; Minton et al.,
2019) of equilibrium saturation suggest that N may be depressed out to higher diameters than the visi-
ble rollover diameter. Conceptually, these effects must take place to some degree. When a large crater
forms, it does erase craters, either directly overprinting them or burying them beneath the continuous
ejecta. Rays of discontinuous ejecta drive erosion of other craters beyond the extent of the continuous
ejecta (Minton et al., 2019). When the surface has yet to reach equilibrium, these two effects may not
dominate, but they do clearly sometimes happen. However, because these effects have yet to be quan-
tified empirically, it remains unclear precisely how significant they are.

Then, there is target property variation. Significant differences between solid rock and ejecta targets
have been observed empirically, (e.g. van der Bogert et al., 2017), and the precise material properties of
ejecta and solid rock targets are poorly constrained and may vary to a meaningful degree. Moreover, the
subsurface lithology may differ from the surface. For instance, the Em4 terrain where Chang’e 5 landed
has at least two layers of buried regolith beneath its thin layer of surface basalt (Du et al., 2022).

Finally, there is the possibility of additional effects, unknown unknowns. Empirically speaking, sub-
areas within broader count areas have been observed with more variation than can be explained by
human crater identification and diameter measurement error at the Orientale ejecta (Yue et al., 2020),
the Chang’e 5 landing site (Qian et al., 2021), and the Chang’e 6 landing site (Luo et al., 2024). Kirchoff
(2018) observed that the lunar maria are more clustered than they would be were cratering fully random,
implying that additional error factors are at work.

Taken collectively, we believe these additional error factors cannot be ignored. To address these
cumulative potential errors, we recommend including an additional lognormal uncertainty kernel on
the model count A, &,. Even in favorable conditions, we estimate that count area selection bias, geologic
unit identification error, secondary crater exclusion error, saturation effects outside of equilibrium, and
target property variability each probably have average effects of at least a few percent. Considering all
these factors as well as unknown unknowns, we recommend a minimum &, value of 10%, but this value
depends on the data and should be raised when there is special reason for concern.

With a method to incorporate an estimate of the additional sources of error that have yet to be pre-
cisely quantified, we have now addressed each source of error. We can use random variable math to
calculate a PDF of N(1) that incorporates all of these sources of error, but there is one step left in Equa-
tion (4): applying the inverse chronology function to the N(1) PDF to calculate the PDF of age.
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Figure 3 | An example of the effect of properly applying the inverse chronology function €' with random variable
math. Here, we show the age calculation for a lunar terrain with an N of 10, an area of 2500 km?, a D,y,;,, of 1.0 km, the
new NPF (lvanov et al., 2001), the NCF (Neukum and Ivanov, 1994), and no sources of error beyond counting error
under three methods: applying €' with random variable math, scaling the PDF by €' (Michael et al., 2016), and
applying €™ to the central value and bounds of /N error bars.

2.8 Applying the inverse chronology function to a random variable

From isochron fits (e.g. Neukum, 1983) to the Michael et al. (2016) A PDF method, traditional Age
Problem methods have not applied the inverse chronology function €' to the random variable N(1). In
many cases, C™' was applied to a single N(1) value and the upper and lower bounds of its error bars,
not the full PDF. Michael et al. (2016) did apply their calculation to the full PDF, but instead of applying
C"to N(1), they scaled the N(1) PDF by €', such that P;(t) = Pyay (C(1)). (See Appendix A for details on
applying functions to random variables and scaling a random variable by a function.) To apply €' to
N(1), the equation is:

Pr() = Puy () LEW
If € is nonlinear (e.g., >~3 Ga for the NCF, or any portion of the Robbins, 2014 or Hartmann et al., 2007
chronology), scaling N(1) by €' will not be equivalent to applying €' to N(1). As an example, let us
apply the inverse NCF to a lunar crater count of N = 10, D,,,;, = 1.0 km, A= 2500 km?, and no other sources
of error beyond counting statistics. Here, the age PDF from properly applying €' with Equation (10) has
a median of 3.46731 Ga, but the scaled age PDF would have a median of 3.20:3:2¢ Ga, and the age from
applying @ to the central value and bounds of /N error bars would be 3.43:339 (Figure 3).

Our interpretation of the reason why Michael et al. (2016) did not include the derivative term (in tech-
nical mathematical terminology: the Jacobean) is that Michael et al. (2016) imposed an initial prior as-
sumption that all ages have equal probability. Effectively, Michael et al. (2016) assumed that N(1) values
associated with higher ages were far less likely. With this assumption, for instance, we would conclude
from the observation of 10 craters in our example that the model count was A = 6.253]33, notA = 10.0%73.
Effectively, we would be assuming that our observation was an outlier. Although this assumption may
seem neutral, in the vast majority of cases it is not realistic to how crater counting works. Ages of plane-
tary terrains are not equally scattered throughout time. Instead, ages typically concentrate towards the
beginning of the solar system for a simple reason: cratering is the dominant geologic process. On the
Moon, for instance, most terrains being dated are craters or volcanism induced by cratering, such as the
formation of maria in large impact basins. Even when formed by other types of geologic activity, such
as fluvial activity on Mars (Fassett and Head, 2008), many terrains are likelier to date from earlier times
when the cratering rate was higher.

As a result, we prefer to report what the data directly indicate, rather than imposing a structure on
them with an assumption of equal probability of all ages. However, as we discuss in Appendix A, if a
specific prior age assumption is being used, then the age PDF should be scaled by €' instead of having
C" applied to it with random variable math.

As a result of this issue, previous methods produce skewed ages whenever the cratering rate is not
constant. In the cratersfd package, we include the code to apply €' to an N(1) PDF (or scale it by C™).
With this final step, we are ready to bring together all we have discussed to produce a solution for the
Age Problem that incorporates all the sources of error with random variable math.

(10)
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2.9 Final Age Problem solution

Combining all the error factors (Table 1), the solution for the Age Problem is:

(8 _eE (Zﬁqbserved 8’,‘ ))A
3= = i
8_1 ars Nobserved ( ﬂ(1 km) )8 ’

T =
A ﬁ'(gDstin)

(11)

where T is age, G is the inverse chronology function, s is the production function, A is the model count,
Nobserved is the observed count, A is the area, &, _is the systematic diameter measurement error kernel,
Ee is the chronology function error kernel, &, is the additional error factors kernel, & is the systematic
human crater identification error kernel, the &, are the individual random human crater identification
errors for each crater, and &, is the combined error kernel for A. (For our recommended values of the
error kernels, see Table 1.) This equation is evaluated using random variable math (Appendix A) because
A, the error kernels, and sometimes A are random variables.
Assuming that the &, are identical, p, the percentage error of £, can be found by:

Nobserved

n(1+pr 2
\/ln(wn)+(ln<1+ps))2+(ln<1+pa))2
p,=e -1, (12)

where p,, ps, and p, are the percentage errors for random human crater identification error, systematic
human crater identification error, and additional error respectively. The PDF of A, which can be found
with Equation (6), depends on the PMF of model N, which in turn depends on N_.eq @and the random
diameter measurement kernel €, (see Appendix A.2).

To help the reader understand how to implement our methods, we show worked examples in Sec-
tions 5.1-5.3. To enable researchers to apply our methods to their data, we once again refer the reader
to our cratersfd code, available at https://github.com/samwbell/cratersfd. In cratersfd, we have incor-
porated the math in this sectionintoan age_pdf (ds, area, dmin) function, which takesan array
of diameters, the area A, and D,,;, as required inputs and calculates the PDF of the random variable age.
The cratersfd code stores random variables in RandomVariable objects whose PDF can be plotted with
a .plot() method, and age_pdf () can take RandomVariable objects for both A and D,,;,,. With key-
word arguments of age_pdf (), users can specify the lognormal error kernels, the production function,
and the chronology function.

With one line of code, researchers can calculate the full PDF of age from crater counts, incorporating
the sources of error we describe above: Poisson counting statistics, human crater identification error,
diameter measurement error, chronology system error, area error, D,,;, selection error, and additional
sources of error. This represents a significant improvement over traditional methods (e.g. Neukum,
1983; Michael et al., 2016; Robbins et al., 2018), which treated counting statistics as the only source of
error and made the math error we describe in Section 2.8.

Our Age Problem methods still rely on plotting the data to select D,,,;, and ensure that N is not de-
creased by saturation, erosion, or resolution effects. More fundamentally, it is essential to first plot the
datato understand them, and plots of crater SFDs contain critical information about sources of impactors
and the bombardment histories of planetary bodies. To understand our solution to the Plotting Problem,
however, we must first address the Slope Problem. Fundamentally, the Plotting Problem is the problem
of approximating an SFD from limited samples. Before we tackle the more complex case of an SFD whose
slope on a log-log plot changes, we must first tackle the simpler case where the slope on a log-log plot
is constant. We therefore turn first to the Slope Problem.

Source of error Variable Distribution Recommendation Section
Counting statistics A Gamma Equation (6) 2.1
Random human crater identification error &, Lognormal 60% 2.2
Systematic human crater identification error Es Lognormal 12% 2.2
Random diameter measurement error Ep, Lognormal 5% (10% near equilibrium) 2.3
Systematic diameter measurement error Ep, Lognormal 1% (2% near equilibrium) 2.3
Chronology system error Ee Lognormal Moon: factor of 2.5; Mars: factor of 3 2.5
Area error A Lognormal If present, estimated by user 2.6
Dpmin Selection error Bt Defined by user Estimated by user 2.7
Additional sources of error Ea Lognormal 10% 2.8

Table 1| A summary of sources of error in the Age Problem. For each source of error, we show: the random variable
that quantifies it, the distribution it takes, our recommendation, and the section where we discuss it. For our rec-
ommendation, we show the default values, but we encourage researchers to estimate these values for their data,
guided by the discussion in the appropriate section of this work.
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3 The Slope Problem

In the Slope Problem, we ask the question: What is the slope of a crater SFD on a log-log plot? In Sec-
tion 3.1, we begin with a simple case: an open interval stretching from D,,;, to infinity with one constant
slope (a straight line in log-log space). In Section 3.2, we address the trickier case of a closed interval
from D,,;, to Dy Finally, in Section 3.3, we address sources of error.

3.1 Anopeninterval

Crater SFDs are themselves distributions. They give the PDF of the random variable diameter. With a
constant slope in log-log space over an open interval, a crater SFD follows a well-known distribution in
mathematics called the Pareto distribution.

The PDF of the Pareto distribution of diameter D takes the form:

a
aDmin

P(D) = pDa+1

Starting from the Pareto distribution, in Appendix D we derive an explicit expression for the PDF of a
that depends only on the observed crater diameters D;:

] “”(é l”(Danim))

(13)

N+1

(%)

i=1 !
Pl = (N +1) ' (14)
This expression follows a Gamma distribution (Equation (6)), with:
N D.
x=a,s=N+1,andr=2|n( ’). (15)
i=1 min
From the theorems of the Gamma distribution, we can calculate the mean:
S N +1
p(x) = P pla) = —— (16)
2 (5)
i1 Dmin
and the mode (maximum likelihood value):
%= % I P - (17)

Z ln(DD' )
i=1 min

To quantify the improved accuracy of our PDF approach, we performed synthetic modeling on least
squares fits to Arvidson et al. (1979) cumulative plots and the Robbins et al. (2018) method (Figures 4
and 5). With least squares fits to cumulative plots, we found a significant bias towards shallow slopes,
especially in the “binned” presentation. The shallow slope bias was especially strong when all points
were treated equally. Incorporating error bars reduced it, but it remained significant at low N. (For details
on the synthetic modeling, see Appendix E.)

Instead of the full PDF, Robbins et al. (2018) approximated it with a normal distribution around the
full PDF’s mode (maximum likelihood), which they referred to as the Maximum Likelihood Estimator
(MLE), a. Like Arvidson et al. (1979), Robbins et al. (2018) used the Central Limit Theorem to calcu-
late symmetric error bars of o = &@//N. Their MLE method produced the lowest random error (Figure 5a).
However, because the PDF is not symmetric at low N, and the MLE does not match the mean at low N,
the MLE is biased toward steeper slopes at low N (Figures 4 and 5b). In Appendix F, we derive this bias
analytically and show that it exactly predicts the synthetic results (Figure 5b).

The apparent mismatch between Figures 4 and 5 and Robbins et al. (2018)’s Figure 11 merits a brief
comment. In their figure, they showed that MLE was significantly less biased than least-squares. How-
ever, that work was done with a differential SFD rather than cumulative SFD; additionally, they included a
finite Dy, While here we do not. Those differences can account for this apparent contradiction between
these two works.

To avoid the biases inherent in approximating the PDF with a central value and error bars, where pos-
sible, we recommend plotting the full Equation (14) PDF. If a single value must be chosen, we recommend
indicating the asymmetry with asymmetric error bars (see Appendix C.1).
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Figure 4 | A grid of synthetic results, showing the biases and uncertainties in measuring slopes from least squares fits of nine versions of the
cumulative plot, compared with the results from the MLE method of Robbins et al. (2018). Each point shows the mean slope measured from 100 000
synthetic datasets of N craters, with 10-equivalent error bars (see Appendix C). At N =100 and N = 1000, we show the full form of the empirical PDF of
the 100 000 slope results. In each case, the model cumulative slope is -2.0 (a = 2), and there is no maximum diameter. Note how the MLE produces
a bias towards steeper slopes, due to the difference between the maximum likelihood slope and the mean slope (see Appendix F). Because of its
biased sampling (Section 4.1 and Figure 6), the traditional Arvidson et al. (1979) unbinned cumulative plot produces artificially shallow slopes
(a). Symmetric error bars reduce this bias (b), and asymmetric error bars reduce it further (c), but they do not eliminate it. When we correct the
biased sampling (Figure 6f), we see steeper slopes (d). With symmetric error bars on the corrected plot (e), the biases nearly cancel out, and with
asymmetric error bars (f), the corrected plot gets very close to the MLE results. Binned cumulative plots produce the most biased results with the
highest uncertainty (g), although error bars (h and i) reduce the bias and uncertainty.
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Figure 5| (a) The random error of the results in Figure 4. For each N, we show the standard deviation of the results
of each method as a percentage of the mean. The MLE method of Robbins et al. (2018) has the lowest random error
- consistent with their figure 11 - while the method almost all papers published in the last 50+ years have used is
shown in the pink “’Binned’ No Error” data. (b) The empirical PDFs of MLE results at three different N values, showing
how Equation (F2) exactly matches the results. Note how the mean of the distribution of MLE results is aN/(N - 1)
(Equation (F4)).

3.2 Aclosed interval

For a closed interval from D, to D,,.y, the problem becomes slightly more complex. When a is con-
stant over an interval, the crater SFD on a differential plot follows the PDF of the Truncated Pareto distri-

bution:
Dmin a
(%)(—T)a fora # 0, with P(D) = 1 ata = 0. (18)

1- (ﬂ) DlIn (M)
Dmax Dmax

Here, the expression for the relative probability distribution of a is (Appendix D):

N - Dmin .
T1(%)
P(a) « —=——. (19)
( (Dmin )a)
1 - (=
Dmax

Formally, PDFs are normalized so that the integrated probability sums to 1. Because Equation (19)
does not match a well-known distribution like the Gamma distribution, and its integral does not have a
simple closed-form solution, we normalize it with numerical integration. We refer to this slope estima-
tion method as the Truncated Pareto method.

As with the (untruncated) Pareto method’s a PDF, Robbins et al. (2018) approximated the Truncated
Pareto method’s a PDF with symmetric error bars around the mode (or MLE). When the number of craters
is small or the interval is narrow, the form of the Truncated Pareto method’s a PDF over a closed interval
can be much more asymmetric than the Pareto method’s a PDF, so the truncated MLE can have a much
stronger bias and much greater uncertainty. Although they did not report these effects, Robbins et al.
(2018) ran a synthetic model that showed much higher MLE bias and uncertainty over a truncated inter-
val. As a result, with the Truncated Pareto method, it is especially important to plot the full PDF instead

of approximating it. If a single value and error bars must be chosen, we recommend using the mean
method (see Appendix C).

P(D) =

3.3 Sources of error

Currently, Slope Problem solutions only address the error of counting statistics. However, each of the
additional sources of error that apply to the Age Problem affects the Slope Problem, too. Incorporating
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them into the Slope Problem matters. While it lies beyond our scope here, we strongly encourage future
work to develop the necessary math to address this critical issue.

In addition to the sources of error that affect the Age Problem, the Slope Problem relies on a critical
assumption: the SFD follows a Pareto (or Truncated Pareto) distribution across the diameter interval. To
assessthevalidity of thisassumption, we recommend plotting the SFD. As Clauset et al. (2009) noted, sta-
tistical tests like goodness-of-fit metrics require high N and can miss meaningful deviations from a Pareto
(or Truncated Pareto) distribution. Testing this assumption by plotting the SFD, however, requires a plot-
ting method that reliably can image deviations from a straight line on a log-log plot without requiring
very high N.

We therefore turn to the Plotting Problem, where we use our Slope Problem methods to develop a
much improved plotting method, the SASH model (Section 4.3).

4 The Plotting Problem

We begin our treatment of the Plotting Problem by examining two solutions from traditional meth-
ods: the cumulative plot (Section 4.1) and the binned differential plot and its close cousin, the binned
R plot (Section 4.2). In each case, we document significant drawbacks to these traditional methods. In
Section 4.3, we present our solution: the SASH model. In Section 4.4, we discuss the error of the SASH
model. Finally, in Section 4.5, we discuss how to understand the SASH model as it extends beyond the
largest crater.

4.1 The cumulative plot

Although frequently used, Arvidson et al. (1979) cumulative plots have considerable problems. Crater
SFDs are distributions of the random variable diameter. When we want to understand the distribution
of a random variable, typically what we want is the PDF, but cumulative plots do not show the PDF. As
Chapman and Haefner (1967) observed, because each part of the cumulative plot depends on the por-
tion to its right, slope variations distort the plot so that it does not show the value of the PDF at each
diameter. As a simple thought experiment to illustrate one way the cumulative SFD distorts shape, one
could take their craters, create a cumulative SFD, and then remove the largest 10 craters and overplot
the cumulative SFD for the revised craters. The slope at largest few bins will be different in the new,
N-10 sample than it is at those diameters for the full sample. For this reason, we discourage the use of
cumulative plots.

Our synthetic results (Figure 4), which show a consistent bias in the cumulative plot towards shallow
slopes, raise deeper concerns. This shallow slope bias is especially noteworthy given that least squares,
as an MLE method, should show the steep slope bias of the Robbins et al. (2018) method. To explain
these results, we have identified a significant bias in the Arvidson et al. (1979) version of the cumulative
plot. A cumulative count exists at all diameters, not just the diameters where there are craters. The
true cumulative function (Figure 6¢) forms a step function that covers all diameters, not just the crater
diameters. However, Arvidson et al. (1979) visualized the cumulative plot as a series of points, with each
point shown at the right-hand side of each step, equivalent to the crater diameter (Figure 6d). The right-
hand side of each step is biased to the right. For larger craters with wider steps between the craters, the
bias towards larger diameters will be larger than for the smaller craters. As a result, a slope fit to these
points will be artificially shallow (Figure 6€). In our Slope Problem synthetic model, when we correct for
this effect by sampling the cumulative function at the middle of each step (which is the geometric mean
because the plot is in log-log space) (Figure 6f), the shallow slope bias disappears (Figure 4f).

Frequently, the Arvidson et al. (1979) cumulative plot is used in what Arvidson et al. (1979) term
a “binned” form. Because the cumulative plot is cumulative, this does not involve grouping the data
into bins. Instead, the cumulative function is sampled at regular intervals in log space, so it would be
more accurate to refer to it as “sampled” rather than “binned.” This distinction matters. Calling the plot
“binned” implies that it is showing only the data within the bins, when it is actually just giving the cumu-
lative count at a particular point. While this form avoids the biased sampling of the “unbinned” form,
it performs even worse in our synthetic tests, with the bias towards shallow slopes continuing to very
high N (Figure 4). Adding in error bars (Figures 4h and 3i) reduces the bias, especially at higher N, but it is
still more biased than the traditional “unbinned” plot with symmetric error (Figure 4b). The bias in the
“binned” plot is heavily due to the standard practice of not including “bins” with no additional cratersin
them, which effectively removes points that would make the slope steeper (Figure 6j), producing shal-
lower results (Figure 6k). When the zero-crater points are added back in (Figure 6l), this bias is reduced
(Figure 6m). The “binned” presentation also loses the information within the “bins”, leading to a wider
error distribution (Figures 4 and 6).
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If cumulative plots are used, we strongly recommend plotting the full continuous step function, with
error bars shown through shading (Figure 6¢). For the error bars, we discourage the /N approximation
of Arvidson et al. (1979) and instead recommend the far more accurate log method we have developed
(see Appendix C; included in our code distribution). However, we do not encourage the cumulative pre-
sentation. Instead, we recommend the differential plot, which shows the shape of the PDF.

4.2 Binned differential and R plots

The differential plot avoids many of the challenges of a cumulative plot. Mathematically, the differ-
ential plot is the PDF. However, instead of being normalized so that it integrates to 1, it is normalized to
integrate to N/A, the total number of craters divided by the count area. Unlike the cumulative plot, the
differential plot does show the probability of observing a crater of a particular diameter. The steeper
slopes of the differential plot can make it harder to make out slope changes visually, but Arvidson et al.
(1979) successfully addressed thisissue with the R (relative) plot. In the R plot, the differential plot is mul-
tiplied by the diameter cubed, so a straight line represents a differential slope of -3 (a = 2). Inan R plot,
shallow (a < 2) SFDs slope upwards from small to large craters, and steep (a > 2) SFDs slope downwards
from small to large craters, making it easier to see slope changes with geological implications.

To plot the PDF, we have to estimate it. In the Arvidson et al. (1979) approach, the differential plot is
a simple histogram. It breaks the SFD into bins and plots the number of craters in each bin, divided by
the bin width, divided by area. Although it is shown with individual points at each log space bin center
(the geometric mean of the bin edges), these points are calculated with the assumption that the PDF is
constant across the bin - and it is not. In fact, because of the exponential shape of crater SFDs, the PDF
often varies dramatically across the bin, and this affects the value at the bin center (Michael, 2013). If we
know a - and assume that a is constant across the bin - then the PDF follows the Truncated Pareto dis-
tribution (Equation (18)), and we can calculate the value at the bin center. However, a is rarely constant
across the bin, and we cannot know a without already knowing the SFD shape.

Moreover, binned differential and R plots are biased at the large crater end. In the thirteen NPF syn-
thetics in Figures 7 and 8, the bins on the right consistently plot above the production function. Zero-
crater bins create this bias. When there is no crater in the bin, it cannot be plotted on a log-log plot, so
that bin must be omitted. When that bin is omitted, however, the surrounding points plot higher than
they would have if the information from the zero-crater bin had been averaged in. Because there are
always zero-crater bins to the right of the largest-diameter bin, the final bin in every binned differential
and R plot is biased upwards. In Figure 13c, we show how much lower the final bin would plot if we
extended it to include the zero-crater bins.

4.3 The Slanted Average Shifted Histogram (SASH) model

The differential plot shows an unnormalized PDF. Constructing a PDF from a limited number of sam-
ples is a well-known problem in math, so we turn to modern statistical methods for approaching this
problem. Robbins et al. (2018) proposed using the Kernel Density Estimator (KDE), but they cautioned
that this method broke down both for low-N bins and at the minimum diameter. To address these prob-
lems, we present an improved statistical method, the Slanted Averaged Shifted Histogram (SASH).

The standard Averaged Shifted Histogram (ASH) algorithm (Scott, 1985) is straightforward. First, a
histogram is constructed. Then, the bins are shifted multiple times, and the resulting histograms are
averaged together. Each histogram starts out as a bar graph, with a constant value across each bin, but
when they are averaged together, they approximate the true functional form of the PDF. Although a pow-
erful method, ASH still loses out on the information gained from the distribution of the points within the
bin. In the SASH algorithm, we capture this information by using the Truncated Pareto method to es-
timate a for each bin, averaging slanted histograms instead of bar graphs. Then, we iterate four more
times, recalculating the SASH model using the results of its previous iteration to provide more accurate
estimates of the bins’ a values (see Appendix G and Figure 7 for details of the SASH algorithm).

In synthetic tests, the SASH model significantly outperforms both binned differential plots (Arvidson
etal., 1979) and the KDE (Robbins et al., 2018), plotting the full PDF curve and reliably imaging featuresin
low-N bins that previous methods miss (Figures 7 and 8). We strongly recommend using the SASH model
to plot the full continuous form of differential and R plots.

To make the SASH model easy to use, we have wrapped the algorithm into two functions in cratersfd,
plot_sash() andplot_sash_R(). Weintend cratersfd to provide a comprehensive system for an-
alyzing crater counts, so it also allows the user to plot crater counts with Arvidson et al. (1979) legacy
plots. As a Python package, cratersfd can be easily integrated into users’ codes, and its plots can be
customized with Matplotlib and exported to common graphics formats.
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Figure 7 | The SASH model applied to synthetic crater counts generated from the “new” NPF (Neukum, 1983; Ivanov et al., 2001) with parameters:
N = 500, D, = 2 km, and D,,,, = 250 km. Here, the SASH model uses an initial bin width of 18 per decade and a bin growth rate of 213, See
Appendix G for the details of this process. (a) The line of R plot values for one set of bins in the SASH model. Because this is the first iteration, we
determine the a value from the mean of the a likelihood distribution from the Truncated Pareto method (Equation (19)). (b) The R lines from two
sets of bins and their average. (c) With 11 sets of bins (ten shifts), the average matches the production function much better than a single set of
bins. (d) The average of 201 sets of bins after 200 shifts. (e) The R line from the same bins as in (a) but in the second iteration, where we determine
the a values by measuring the slope of the results from the first iteration. These slopes provide a more accurate match to the production function.
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we determine the a values by measuring the slope of the results from the fourth iteration. (h) The final SASH model after all 200 shifts in the fifth
iteration. (i) A comparison of the SASH model, a traditional Arvidson et al. (1979) binned R plot, and the Robbins et al. (2018) Kernel Density
Estimator (KDE) method. The SASH model resolves the SFD much more clearly, producing an SFD that much more closely matches the production
function. (j) The same as (i) but in differential plot form.
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Figure 8 | A comparison of the SASH model, a traditional Arvidson et al. (1979) binned R plot, and the Robbins et al. (2018) Kernel Density Estimator
(KDE) method for twelve randomly selected synthetic crater counts generated from the “new” NPF (Neukum, 1983; Ivanov et al., 2001) with param-
eters: N = 500, D, = 2 km, and D,,, = 250 km. As in Figure 7, the SASH model uses an initial bin width of 18 per decade and a bin growth rate of
213, In each case, the SASH model consistently recovers the model production function much more accurately than previous methods. However,
the results are still limited by the data. For instance, without enough D 2 52 km craters, the SASH model cannot detect the NPF’s D,,,,, = 250 km
steep branch, so it assumes that the SFD continues past the largest crater at a shallower slope projected from the NPF’s 6 km < D < 52 km shallow
branch. The information from the absence of craters between the largest crater and D,,,,, can only provide an upper constraint, not a lower one.
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4.4 Error of the SASH model

Because it shows the full form of the curve, not discrete points at individual bins, the SASH model
by definition cannot have a definitive error model. The possibility of a deviation from the SFD shape the
SASH model observes depends heavily on the shape of the potential deviation. We cannot give the error
of the SFD at any given diameter because it depends on the universe of possible SFD curve shapes.

As formulated by Arvidson et al. (1979), error bars on binned differential plots rely on the assumption
that the SFD is constant across the bin. With Michael (2013)’s correction, they rely on the assumption that
a is constant within the bin. Most importantly, they assume that the error confines itself neatly to one
bin and does not vary within that bin. This is virtually never the case. Fundamentally, error analysis is
about testing the chance of a different result, and error analysis of an SFD shape is about testing the
chance of a different SFD shape. For instance, let’s say we observe a steep branch at the low-N large-
crater end of a distribution in equilibrium saturation. Instead of assuming that it has left equilibrium,
now reflects the production function, and can be used for dating, it is important to test whether it could
be a spurious feature, and the SFD might actually continue at an equilibrium slope of a = 2. Such a steep
branch typically stretches across multiple bins. We also often want to test whether a portion of the SFD
matches a production function - and here the perturbations from the SFD would stretch across all the
bins. Rarely if ever do we want to test a model where the SFD shape is perturbed from the observed SFD
equally across a specific diameter range that happens to exactly match the bin in question.

Because binned differential and R plots assume a bin width, they assume a known width of possible
perturbations. If narrower bins were used, the error bars would be wider. If wider bins were used, the
error bars would be narrower. With the SASH model, error is highly width-dependent. A narrow pertur-
bation is much likelier than a wider one. If we want to know if a bump on the SFD from 10 km to 15 km
was robustly observed, the error bars will be much larger than if we want to know whether a shallow
branch between 1 km and 50 km was robustly observed.

For this reason, any method that draws an error envelope will not accurately capture the error, lead-
ing to misleading interpretations. This is why we discourage plotting the range of SASH model results,
which we show in Figure 7h for the sole purpose of explaining how the SASH model works. It could be
confused for an error envelope, which would be misleading for many reasons. It would show spurious
spikes that the SASH model averages out, and it would not capture the error of counting statistics or
slope (a) estimation. Most fundamentally, it would not address the shape of a perturbation to the SFD,
so it would erroneously treat narrow perturbations the same as wider ones of the same magnitude.

Because the error depends on the specific shape of the perturbed SFD, we have to measure the error
for the specific shape of the perturbed SFD. To understand the error of the SASH algorithm, we there-
fore recommend testing possible other SFD shapes with a synthetic model. To do this, first we define
a possible alternative for what the true SFD could be. From this alternative, we randomly generate a
large number of synthetic datasets of possible observed craters. Then, we apply the SASH model to
each synthetic dataset, producing a synthetic dataset of possible SFDs that the SASH model would have
observed. From the values of these synthetics at each diameter, we then generate an error envelope of
confidenceintervals (“error bars”) at 1c-equivalent percentiles. We are effectively creating a Monte Carlo
envelope of what the SFD would be if a proposed model were true, given a finite number of craters. (See
Appendix G.1 for details on the synthetic modeling, Appendix E for details on how our code generates
synthetics, and Section 5 for examples of how to apply this synthetic modeling approach.)

Because it allows us to test specific hypotheses for what the SFD might be, our synthetic model-
ing approach represents a powerful improvement. With previous methods (Arvidson et al., 1979), error
bars would be made for individual bins, and analysts would have to make a rough visual assessment
of whether a hypothesis was consistent with the error bars. This rough visual assessment can often be
highly inaccurate. For instance, because narrower bins have wider error bars, a statistically robust fea-
ture that stretches across many bins could erroneously appear to fall within the margin of error. An SFD
without the feature might plot within the wider error bars of individual bins - but these error bars would
only be wider because they cover a much narrower diameter range than the feature being tested. By test-
ing hypotheses directly, instead of comparing them to error bars, we can much more accurately assess
whether they are consistent with the data.

When interpreting SASH model SFDs, we strongly recommend running and plotting a synthetic model.
Before concluding that a feature is robust, test if it could be spurious. Before concluding that a feature is
absent, test if it could have failed to show up even if it were actually there. Most importantly, to ensure
that others can run synthetic models to test their own hypotheses, we strongly recommend making the
raw data available online free of charge in an independent, easy-to-access repository (as journals and
funders are increasingly requiring).
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Currently, our synthetic model only includes Poisson counting error, and it is critical to remember
this limitation when interpreting the results. With future work, other error factors should be included.
As we discuss in Appendix G.1, the math we develop in Section 2 for the Age Problem can be applied to
the synthetic model, but this creates computational challenges that require future work to address.

4.5 The SASH model beyond the largest crater

For diameters larger than the largest crater, we must take special care. Because the information from
the absence of craters affects the SFD at the large crater end, we calculate the SASH model beyond the
largest crater. As we discuss in Section 4.3, excluding this information biases binned plots towards artifi-
cially high values for the bin with the largest crater. However, we must be very careful about interpreting
parts of the SFD where we do not have any craters.

By default, the calc_sash () function in cratersfd assumes that the largest bin extends out to a
D ax Of ten times the diameter of the largest crater - effectively assuming an open-ended interval. In
most practical applications of crater counting, however, we can only observe an absence of craters out
to a maximum diameter. At the extreme end, we are unlikely to observe a crater whose diameter exceeds
the dimensions of the count area, or for global counts, a diameter that significantly exceeds the diameter
of the body. More subtly, we are unlikely to choose a count area that is dominated by one large crater -
and if we did, it would probably skew the SFD through overprinting.

Although D,,,, is typically negligible in the Age Problem, it can affect the Plotting Problem in a non-
negligible way. To address this reality, we strongly encourage estimating D,,,, When measuring the shape
of the SFD at the large crater end and specifying it with the d_max keyword argument if it is smaller than
calc_sash()’s default. To estimate D,,,,, it is important to assess the crater counter’s tolerance for
including a larger crater in their count areas. There are no fixed rules for how to make this judgment call,
and in practice this tolerance level varies wildly.

Between the largest crater and D, the PDF that the SASH model estimates largely assumes that the
same slope observed at smaller diameters continues out to larger diameters, but the error is asymmetric.
The information from the absence of craters constrains an upper limit but not a lower limit. The fact that
we do not observe craters can be strong evidence that the SFD does not turn upwards beyond the largest
crater, but it cannot provide a lower bound. As Figure 8 shows, the SFD can turn downwards into a steep
branch beyond the largest crater. To properly model these errors, we strongly recommend the synthetic
modeling approach we describe in Section 4.4.

A downside of the SASH model is that it does not show the specific crater diameters in the plot. This
information can be especially meaningful at the large crater end. To address this, we have created an
optional form of the SASH model plot where the craters are shown with tick marks (Figures 10a-10b).
Because these tick marks can crowd the plot at lower diameters, sometimes it is clearer to only show
the largest ~10 craters (Figures 13d-13i).

With this final option, the SASH model represents a clear improvement over existing solutions to the
Plotting Problem, allowing a much more accurate assessment of a crater SFD from a limited sample of
craters. Theoretical solutions, however, are not enough. To fully demonstrate our methods, we turn now
to practical examples.

5 Examples

In Section 5.1, we begin with an Age Problem example, showing how the age PDFs from two crater
counts of Canala Crater become much more consistent when sources of error beyond counting statistics
are incorporated. Because the Age Problem begins with plotting the data and analyzing them, this also
serves as a SASH problem example. In Section 5.2, we provide a practical guide to the calculation. In
Section 5.3, we visualize the random variable math of the Age Problem. In Section 5.4, we show how to
use the SASH model to analyze crater SFDs with an example that demonstrates its explanatory power:
the cratered plains of the moons of Saturn.

5.1 Two ages for Canala Crater

Our goal with Age Problem examples is two-fold: (1) to demonstrate how to perform the counts and
(2) to show how why it is necessary to include sources of error beyond counting error. For our first Age
Problem example, we turn to Canala Crater, a young, fresh D = 11.9 km crater near Labeatis Fossae on
Mars (Figure 9a). S. J. Robbins collected two counts of craters superimposed on the ejecta deposits (Fig-
ure 10a): one from a CTX image of the whole ejecta and one from a higher-resolution HiRISE image that
only overlaps part of the ejecta (Figure 9b).

Canala presents a number of challenges that increase the error of crater identification. To exclude
buried craters that predate the impact (and therefore cannot be used for dating), S. J. Robbins visually
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Figure 9 | Canala Crater (24.35°N 279.93°E, D=11.9 km). (a) CTX basemap with the boundaries of the HiRISE image shown. (b) The area we used for
counting craters. (c) A large outlier crater initially included but later excluded due to ejecta covering the rim. (d) A clear example of an excluded
buried crater. (e) Examples of excluded features: non-impact pits and a secondary or atmospheric breakup crater. (f) More examples of excluded
features: depressions without the clear form of a primary crater, which we assess as probably non-impact pits and possibly self-secondaries.

examined each crater to assess whether Canala ejecta overlaid it (Figures 9c and 9d). This determination
can be difficult and subjective. For instance, the initial counts included a D = 1.2 km crater on the CTX
image (Figure 9¢) - much larger than the D=0.13 km next largest crater. However, after S. Bell examined
it because it formed such an outlier and concluded that the ejecta covered the rim, we chose to exclude
it. Additionally, the Canala ejecta contain volatile release pits that must be distinguished from impacts
(Figures 9e and 9f). To incorporate these increased errors, we raised random human crater identification
error to p, = 80% and systematic human crater identification error to p; = 15%. Otherwise, we used the
default values in Table 1.

For our production function, we selected the Mars version of the “new” NPF (lvanov, 2001). The
observed SFDs show considerable deviations from this production function. In light of the challenges
Canela poses, these deviations raise potential concerns that the data might not reflect the production
function. To test whether these SFD features could have been observed due to random chance, we con-
structed synthetic models, modeling a SFDs that transitioned to the production function at D,,;,. The
results are clear: these deviations are not statistically significant. The CTX SFD plots fully within the 1o
synthetic error envelope (Figure 10b), and the HiRISE SFD mostly falls within the error envelope (Fig-
ure 10c). Although the HiRISE SFD does plot slightly below the error envelop for the largest two craters,
this represents a very plausible outlier, especially given that the synthetic model only includes counting
error.

We get median ages of 2.57734¢ Ma from the CTX data and 2.007%22 Ma from the HiRISE data (Fig-
ure 10f). Without chronology system error, the median CTX age would be 4.72]-4 Ma, and the median
HiRISE age would be 3.687}:8% Ma (Figure 10f). As this example shows, chronology system error can sub-
stantially shift the median age, even though the mean ages remain the same (Figure 10f).

These two ages are consistent, but if we had used only counting error, the ages would not have
matched nearly as well, with a median CTX age of 5.42:}:9% Ma and a median HiRISE age of 3.83:322 Ma
(Figure 10d). It is certainly not impossible for these ages to represent the same age. Outliers outside of
1o happen 31.7% of the time, and the 4.48 Ma upper error bar of the HiRISE age almost overlaps with the
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Figure 10 | Two ages for Canala Crater, one from HiRISE data (red) and one from CTX data (blue). (a) The SFDs plotted with the SASH model, showing
the D,,,;, estimate and the range of the D,,,;,, PDF. (We used the default bin growth rate of 212, and we did not set a D,,,,, because we estimated it to be
3 km - larger than the default of 10 times the diameter of the largest crater.) To help estimate D,,;,, we plot isochrons of the Martian NPF (lvanov,
2001). (b) A synthetic model testing whether the CTX data are consistent with the production function. The SFD for the synthetic model follows the
observed SFD for D < D, and follows the production function for D > D,;;,. (c) The same as (b) but for the HiRISE data. (d) The D,,;, PDFs. e) The
age PDFs with only counting error and other error sources: p, = 5%, p, = 80%, p, = 5%, and the D,,,;, PDFs in (d) (systematic errors are excluded
because the same counter was used). With other sources of error, the age PDFs are much more consistent with each other. (f) The full age PDFs
with p, = 5%, pp, = 1%, p, = 80%, ps = 15%, p, = 5%, and the D,,,;, PDFs in (d), both with and without a factor of 3.0 chronology system error.
To show how the mean ages remain the same when chronology system error is included, we show the mean ages as well, although in general we
follow the convention set by Michael et al. (2016) of giving the median error.
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4.51 Ma lower error bar of the CTX age. However, they do match much better when other error sources
are taken into account. For this calculation, because one counter performed both counts, we assumed
no systematic human crater identification or diameter measurement error; because we were comparing
two craters of similar ages measured at similar diameters, we assumed no chronology system error; and
because the images overlapped, we assumed additional error sources of p, = 5% instead of the default
value, p, = 10%. With these assumptions, the age PDFs much more strongly overlapped, with median
values of 4.787]-3¢ Ma (CTX) and 3.72:3%% Ma (HiRISE).

Critically, we note that this stronger match is only partially due to broader PDFs; primarily it is caused
by the CTX age shifting younger when other sources of error are factored in. This emphasizes an impor-
tant point: failure to incorporate other sources of error does not just lead to excessively narrow error
bars. It can also lead to an incorrect central value, too. In this case, the primary reasons for this shift are
random diameter measurement error and D,,,;, selection error.

At Canala, we must choose D,,,;, to exclude the rollover caused by resolution limits in the CTX image
and atmospheric shielding in the HiRISE image. For our single likeliest D,,;, value (the peak of the D,;,
PDF), we chose the points where the slope of the SFD begins to roll over away from the production func-
tion slope (CTX: 45 m, HiRISE: 27 m). While this is a standard way to choose D,,;,, it does raise the risk
of selection bias, especially at low N. Because a bump on the SFD can cause this slope change, selecting
D i this way would run the risk of picking D,,;, at an outlier. Alternatively, one could pick D,,;, at a lower
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diameter where the resolution rollover is more clearly observed or choose a larger diameter more safely
distant from resolution effects. Choosing between these options effectively places the researcher in the
position of choosing the age, so a D,,,;, PDF is necessary to mitigate this bias, and incorporating in the PDF
of D i, choices shifts the median age lower. A closer analysis of the specific crater diameters (Figure 10b)
shows an increased density of craters very slightly larger than the 45 m we chose for our likeliest D,,;;,,
which supports the hypothesis that it may have been an outlier. When random diameter measurement
error is factored in, the chance that some of these craters may have actually been smaller also shifts the
median age younger.

As Canala Crater demonstrates, errors beyond counting error cannot beignored. These other sources
of error matter. With our methods, they can finally be incorporated.

5.2 Practical guide to doing the calculation

We want our methods to be used, so here we provide a guide showing how to actually do the calcu-
lation, using the Canala CTX data as an example. Although the math may be complex, our cratersfd code
makes the process simple and straightforward. In Figure 11, we show screenshots of the code to make
clear what the user should be actually doing. There are four steps:

1. Plot the SFD with the SASH model. For an R plot, use the plot_sash_R () function; for a dif-
ferential plot, use the plot_sash () function. To help with Step 2, it is often helpful to overlay
production function isochrons with the plot_pf_isochrons () function.

2. Analyze the plot to estimate the D,,;, PDF. To help the user quantify the D,,;, PDF as a Random-
Variable object, cratersfd hasa get_dmin_pdf () function. This function treats D,,;, as an asym-
metric two-sided normal distribution (see Appendix C) with different o values on the left and right
sides and optional upper and lower bounds. The cratersfd code can also handle any arbitrary
shape for the D,,;, PDF.

3. Estimate the error kernels and calculate the age PDF. To do this, use the age_pdf () func-
tion. By default, age_pdf () assumesthevaluesin Table 1, except that it assumes no chronology
system error. Users can specify different values using keyword arguments. (These keyword argu-
ments are for error factors, so in Figure 11 we specify random=1.8 for p, = 80% random human
crater identification error.) By default, age_pdf () assumes the lunar versions of the “new” NPF
(Ivanov et al., 2001) and the inverse NCF (Neukum and Ivanov, 1994). Users can specify other pro-
duction functions and inverse chronology functions with the pf and cf_1inv keyword arguments.
In Figure 11, we use the built-innpf_marsand ncf_mars_inv functions,and users can also de-
fine their own production and inverse chronology functions. The age_pdf () function returns a
RandomVariable object (see Appendix A). To plot its PDF, use its . pLlot () method.

4. Calculate the age without chronology system error. This is the same as Step 3, except the
cf_error keyword argument is left at its default value of a factor of 1.0, indicating no error.

5.3 Visualizing the math of the Age Problem

Inthis example, we use the Robbins et al. (2014) clustered (aggregate) counts of NACimage M146959973L
to visualize the math behind the Age Problem, showing the PDFs of the random variables within Equa-
tion (11) and how the age PDF evolves as different sources of error are added (Figure 12). By showing
plots of random variables’ PDFs within Equation (11), we visually emphasize what is happening with ran-
dom variable math: These are the same mathematical operations as we know from the math of perfectly
known variables, but here the math is applied to variables whose values are defined by PDFs.

Figure 12 also shows the shape of a lognormal error kernel. For the 2% systematic diameter measure-
ment error kernel (Figure 12e), the PDF closely resembles a normal distribution. For the 10% random
diameter measurement error kernel (Figure 12d), it becomes slightly asymmetric. For the 60% random
human crater identification kernel (Figure 12i), it becomes more asymmetric, and for the 150% chronol-
ogy system error identification kernel (Figure 12m), it becomes highly asymmetric. For each kernel, the
mean remains 1.0, but the mode shifts lower and lower as the kernel widens. The shape of the Gamma
distribution of A from Equation (6) (Figure 12f) is very similar to a Lognormal distribution, including (Fig-
ure 12h) when itincorporates the N PMF (Figure 12g) created by diameter measurement error.

When we only include counting error, the median age is 1.7070-29 Ga (Figure 12n). When we add diam-

eter measurement error, it becomes 2.0470:37 Ga (Figure 120). When we add human crater identification

error and additional error factors, it becomes 1.96{ 42 Ga (Figure 12p). When we add chronology system

error, it becomes 1.9673:42 Ga (Figure 12q). When we add D,,;, selection error, it becomes 2.01:]22 Ga

without chronology system error (Figure 12r) and 1.2773:35 Ga with it (Figure 12s).
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Step 1: Plot the data with the SASH model.

plot_sash_R(diameter_array, area)

plt.xlim( [0.02, 0.15])

plt.ylim( [3E-5, 9E-4])

plot_pf_isochrons(npf_mars_R)

labels = ['SASH model', 'Martian NPF (Ivanov, 2001)']
plt.legend(labels, fontsize=8)

Calculation time: 0.38216 seconds
<matplotlib. legend.Legend at @x130ebed420>
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Step 2: Analyze the plot to estimate the D, ,,;,, PDF.

ctx_dmin = 0,045

ctx_dmin_min = 0.037

ctx_dmin_max = 0.049

ctx_dmin_rv = get_dmin_pdf(
ctx_dmin, left_std=0.005, right_std=0.0015,
left_edge=ctx_dmin_min, right_edge=ctx_dmin_max

)

dmin_rv.plot()

plt.xlabel(rf'$D_{{min}}$ (km)"')

Text(0.5, 0, '$D_{min}$ (km)"')
<Figure size 460x300 with @ Axes>
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Step 3: Estimate the error kernels and calculate the age PDF.

age_pdf(
diameter_array, area, dmin_rv,
random=1.8, systematic=1.15, additional=1l.1,
d_random=1.05, d_systematic=1.01, cf_error=3.0,
pf=npf_mars, cf_inv=ncf_mars_inv
).plot(label=True, xlim=[0, ©.02], unit='Ga')
plt.xlabel('Age (Ga)')

Text(0.5, -7.277777777777782, 'Age (Ga)')
<Figure size 460x300 with @ Axes>

2.59+546x10-3Ga

0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200
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Step 4: Calculate the age without chronology system error.

age_pdf(
diameter_array, area, dmin_rv,
random=1.8, systematic=1.15, additional=1.1,
d_random=1.05, d_systematic=1.01, cf_error=1.0,
pf=npf_mars, cf_inv=ncf_mars_inv
) .plot(label=True, xlim=[0, 0.02], unit='Ga')
plt.xlabel('Age (Ga)')

Text(0.5, =7.277777777777782, 'Age (Ga)')
<Figure size 460x300 with @ Axes>
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Figure 11 | A four-step guide to how to do the Age Problem calculation with our cratersfd code (see Section 5.2 for details and Section 5.1 for
a discussion of the choice of error kernels and the D,,;, PDF). Example data are the CTX data for Canala Crater. The cratersfd code is a Python

package, and these examples are created in a Jupyter notebook.

These data, the Robbins et al. (2014) clustered (aggregate) counts of NAC image M146959973L, also
allow us to demonstrate how to apply our methods to a terrain in equilibrium saturation where only a few
craters are not in equilibrium, emphasizing the power of the SASH model and its synthetic error model.
When we apply the SASH model (Figures 12a and 12b), the SFD rolls over from a shallow slope of a = 1.4
for20 m < D <100 m to a steep slope for D > 130 m - the classic pattern of equilibrium saturation (Gault,
1970). This pattern is especially clear on an R plot (Figure 12a), and it can also be seen on a differential

plot (Figure 12b).
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Figure 12 | An example Age Problem calculation for a low-N count, using the Robbins et al. (2014) data from the Apollo landing site (see Section 5.3
for details). The goal of this example is to demonstrate that we cannot assume that counting error is the only source of error even when N is very
low. (a) ASASH R plot of the data (initial bin width: 18 per decade. Bin growth rate: 212, Number of synthetics: 1000. D,,,,: 0.93 km.). In lighter blue,
we show the error envelope of a synthetic model of how the SFD might appear if no steep branch were present and the SFD continued at a saturated
slope of a=2 over the whole diameter range (see Section 4.4). (b) Same as (a) but in differential plot form. (c) A cumulative plot of the same data,
showing that the D,,;, we estimated from the SASH R plot is conservative compared to a D,,,;, that could be estimated from the cumulative plot. (d)
The 5% random diameter measurement kernel E;, . () The 1% systematic diameter measurement error kernel E;, . (f) The PDF of the model count
A given an observed N of 4 at D,,;,=0.14 km. (g) The PMF of N incorporating diameter error with the E; in (d). (h) The PDF of A from the N PMF in
(g). (i) The 60% individual random human crater identification kernel error for each crater E, . (j) The 12% systematic human crater identification
error kernel E. (k) The 10% additional error factors kernel E,. (1) The combined A error kernel E, from Equation (10). (m) The 150% (factor of 2.5)
E. chronology system error kernel. (n)-(s) Age PDFs incorporating various sources of error, compared to the geochemical date (Snape et al., 2019).
For each age PDF, we show how it is calculated from Equation (11), plotting the PDFs of the random variables. (t) The known age from returned
Apollo 15 samples (Snape et al., 2019). (u) The user-estimated PDF of D,,;,. Because D,,;,, changes N, the D,,;, PDF cannot be simply substituted
into Equation (11). Instead, we apply Equation (11) to weighted samples of the PDF. For explanatory purposes, here we show an example with five
samples. For each sample, the weight is the value of the PDF. (v) The N PMFs for the D,,,;,, samples in (u), given the 5% E,,_in (d). (w) The N(1) PDFs
for each D,,;, sample, calculated from Equation (11) with the N PMFs in (v). The probability values of each N(1) PDF are multiplied by the weight
n (u), and then they are added together to get the final N(1) PDF. We emphasize that five samples are not enough to robustly sample the PDF. We
recommend 50 samples, which we used in the calculations of (r) and (s).
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However, we must ensure this is a statistically robust feature, not an artifact of random chance. Here,
to test the hypothesis that the terrain is saturated over the whole diameter range, and the steep branch
is a statistical artifact, we construct a hypothetical SFD that continues at a slope of a=2 instead of rolling
over for the steep branch. Because the observed slope of the equilibrium branch is much shallower than
a=2,thisis a conservative assumption, but we want to be sure we have resolved the steep branch. From
this hypothetical SFD, we randomly generate 1000 synthetic crater datasets with the same N as the Rob-
bins et al. (2014) data. The results are clear (Figures 12a,b): it is a robustly resolved feature and unlikely
to be due to random chance because the steep branch plots well below the envelope of synthetic results.

Now that we can be confident that the steep branch is real, we must estimate D,,,;,. To address D,
selection error, we recommend treating D,,,;, as a random variable and estimating its PDF. The correct
method for selecting D,,;, is an area where more research is needed. In this case, we choose a D,,;, of
140 m, slightly above the 130 m beginning of the steep branch (Figure 12a). To broaden our single-
diameter estimate to a PDF, we take a normal distribution around 140 m with a standard deviation of
50 m and truncate this PDF at the 130 m beginning of the steep branch and the 260 m diameter of the
largest crater.

Compared to a potential traditional reading of the cumulative plot, this £50 m is a conservative ap-
proach (“conservative” as in large uncertainty). The cumulative plot (Figure 12c) transitions from the
saturated branch to the steep branch at a fairly sharp inflection point at ~90 m. There is no consensus
about how to estimate D,,;, from a cumulative plot, and some analysts might prefer a more conservative
larger value, but one potential approach is to use the inflection point, especially when it is sharp. With
so few craters, however, such a sharp inflection point could not be robustly resolved if it were present.
Although higher N might well allow a lower D,,;, to be resolved, we must confine ourselves to what we
can resolve from the data at hand.

The effect of the D,,,;,, PDF is especially significant at low N because the choice of D,,,;, has a significant
effect on the results, as this example shows. The cumulative plot (Figure 12c), which shows the specific
crater diameters, highlights the subjective dangers in a single D,,;, estimate. At D,i, = 140 m, N = 4. At
Dpin = 160 m, N is still 4, so the user’s choice of D,,,;, directly affects the age PDF. At D,,;, = 130 m, N jumps
to 8. The age depends heavily on the subjective choice of a single number in these cases of low N, and
that single number is far from perfectly known. Broadening this estimate to a random variable defined
by a PDF does not eliminate this bias, but it does significantly mitigate it.

Next, we estimate values for the several lognormal error kernels (Sections 2.1-2.9) and choose a
chronology system. Here, we largely use the default values in Table 1 (because we are close to the equi-
librium saturation rollover, we assume 10% for p, _and 2% for py,_). For explanatory purposes, we will be
using the Neukum (1983) system, the NPF and NCF. We do not choose them because we endorse them as
the most accurate, but we choose these because they remain the standard in the field, we expect readers
to be most familiar with them, and we want to focus on the math of incorporating multiple error factors
to build an age PDF.

Finally, these data demonstrate why it is necessary to incorporate sources of error beyond counting
error. Because these counts were taken from the Apollo 15 landing site, we can check our results against
a known, radiometrically derived age. For the geochemical age from returned Apollo samples, we use
the Snape et al. (2019) estimate of 3.29+0.01 Ga. This known age falls at the 1o-equivalent upper bound
of the 2.017]-32 Ga age PDF that incorporates all sources of error except for chronology system error. Be-
cause the Apollo 15 landing site was a chronology system calibration point, we should expect the age
PDF without chronology system error to be consistent with the known age, and it is, with the known age
again falling at the upper bound. With counting error alone, however, the 1.70:3:2 Ga age PDF does not
match the known age.

With an N of 4, the Robbins et al. (2014) counts of the Apollo 15 landing site are something of an ex-
treme case. If there were any scenario where the traditional assumption of counting error as the sole
source of error might appear reasonable, it might be such an extremely low-N case. When the only
counting error model fails here, too, it makes the case especially strong. Crater counting ages must
incorporate other sources of error. For decades, the lack of the mathematical methods necessary has
prevented the field from incorporating other sources of error, but with our methods, it is not only possi-
ble but straightforward.

5.4 Cratered plains SFDs: the Saturn system and the farside of the Moon

As an example of the explanatory power of the SASH model, we applied it to the cratered plains
distributions of the moons of Saturn. In cratered plains, impact craters cover the whole area, and no
underlying geologic unit boundaries can be detected. Cratered plains SFDs matter because they reveal
the history of the oldest terrains on a body, but heavy saturation can mean that only the largest craters
are unsaturated. As a result, analyzing these terrains requires carefully resolving the shape of the SFD at
the low-N, high-diameter end.
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Figure 13 | (a) The SASH model applied to the Kirchoff et al. (2009) and Kirchoff et al. (2010) crater counts of the cratered plains of the moons of
Saturn, revealing steep branches at the large crater end. (Initial bin width: 18 per decade. Bin growth rate: 23-%°, D,,..,: Mimas, 120 km; Enceladus,
110 km; Tethys, 230 km; Dione, 210 km; Rhea, 550 km; lapetus-bright, 310 km; lapetus-dark, 550 km.) (b) A schematic of the equilibrium saturation
model (Lissauer et al., 1988) and the quasi-equilibrium saturation model (Kirchoff and Schenk, 2010), showing potential production functions each
model might imply for the Dione cratered plains SFD. (c) A reproduction of Figure 4 from Kirchoff and Schenk (2010), showing the Dione data as
an example of how the largest bin in their cratered plains (orange squares) and global basins (blue circles) distributions consistently plotted above
the steep branch. This led Kirchoff and Schenk (2010) to conclude that the SFD had a shallow branch for very large craters, but we attribute this
effect to the bias caused by missing zero-crater bins (see Section 4.3). To correct for this effect, we show the line of R values implied from the
binned plot, with the slopes across each bin calculated from the SASH model results (thin lines). For both the cratered plains and the global basins
data, the final bin (the bin with the largest crater) has a zero-crater bin to its left, as well as zero-crater bins to its right extending out to D,,,,,. We
extend the final bin over these zero-crater bins, showing its line of R values in a thick line. At the diameter where the points for the final bins were
plotted, we show what the values would have been if the zero-crater bins had been incorporated. (d)-(i) Synthetic models testing whether the
steep branches could have been observed if they were not present (1000 synthetics each). Except for the dark terrain of lapetus, each steep branch
plots well outside the error envelope, showing that the features are robustly resolved and unlikely to be due to random chance. (j) A synthetic
model testing whether the observed SFD for the bright terrain of lapetus could have been observed if the true SFD matched the dark terrain. (k)-(1)
Synthetic models comparing the bright and dark terrains to straight line fits to test if their features are statistically robust. (m) PDFs of D = 12 km
crater density incorporating 60% random human crater counting error and 5% random diameter measurement error, as well as a 10% additional
error kernel, showing that the difference between the dark and light terrains remains robust. (Because the same counter counted both terrains,
we assumed no systematic error.) (n) The SASH model applied to the whole lunar farside from the Robbins (2019) global database, compared to
the “new” NPF (Neukum, 1983; Ivanov et al., 2001). It shows that quasi-equilibrium saturation does not cause the SFD to still reflect the production
function, contrary to the predictions of the Richardson (2009) model.
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Results from previous methods have led to differing interpretations. From Voyager data, Lissauer
et al. (1988) interpreted the Rhea and lapetus SFDs under an equilibrium saturation model, with a steep
a = 2.7 large crater slope (reflecting the production function) and shallow slopes at smaller craters (re-
flecting equilibrium) (Figure 13b). At Mimas, Lissauer et al. (1988) again found a steep large crater slope,
but they noticed that the largest crater on Mimas, Herschel, plotted far above this line on an R plot. With
higher-quality Cassini data, Kirchoff and Schenk (2010) noticed that this pattern was consistent: on each
moon, the largest bin in the cratered plains distribution plotted well above the steep branch. Moreover,
when Kirchoff and Schenk (2010) added in the data from the global distributions of large basins, the
pattern reappeared, with the largest one or two bins plotting well above the steep branch. As a result,
Kirchoff and Schenk (2010) concluded that, as diameter increases, the steep branch rolls over again to a
shallow branch for very large craters.

Having found one inflection point in the production function, Kirchoff and Schenk (2010) proposed
another. They proposed - and Kirchoff et al. (2018) concluded - that the rollover from shallow slopes to
the steep branch was a real feature of the production function, not the result of equilibrium saturation.
In the Richardson (2009) saturation model, when a production function rolls over from a branch in the
a < 2.0 quasi-equilibrium domain to a branch in the a 2 2.0 equilibrium domain, slopes on both sides of
the inflection point become shallower, but the diameter of the inflection point is preserved (Figure 13b).
Kirchoff and Schenk (2010) proposed that this effect explains the shallow branches observed in the Sat-
urn system. As a result of this quasi-equilibrium model (Figure 13b), much work has been devoted to
interpreting the SFDs of the cratered plains of the moons of Saturn at diameters smaller than the inflec-
tion points, treating them as reflecting the production function (e.g. Ferguson et al., 2020; Bottke et al.,
2024; Robbins et al., 2024).

Other studies have found ambiguous results. With binned cumulative plots, Bell (2020) reinterpreted
the Kirchoff and Schenk (2010) data as potentially reflecting a production function with single slope of
a = 2.2, just barely in the a 2 2.0 equilibrium domain, with inflection points around ~12 km caused
by equilibrium saturation. However, the slope was just barely in the equilibrium domain, so Bell (2020)
could not rule out the quasi-equilibrium model. Robbins et al. (2024) could not resolve the steep branch
with the Robbins et al. (2018) KDE method, which breaks down at low N, but they did find evidence for
itin MLE slope calculations.

With the SASH model, we reexamined the Kirchoff and Schenk (2009, 2010) data, revealing that the
cratered plains of Mimas, Enceladus, Dione, Tethys, and Rhea each have a steep (a 2 2.5) branch on the
large crater end. To rule out the hypothesis that these steep branches are spurious artifacts of random
chance, we used the synthetic model we describe in Section 4.4. For each cratered plains terrain, we cre-
ated a model SFD that matched the observed SFD up to the inflection point but continued with a slope
of o = 2 instead of having a steep branch. From each of these SFDs, we randomly generated 1000 syn-
thetic crater datasets and reran the SASH model, plotting the results in 1c-equivalent error envelopes.
The results of the synthetic models (Figures 13d-13h) are clear: each steep branch plots well below the
observed error envelope. These features are statistically robust. They are highly unlikely to be artifacts
of random chance.

The steep branches would have been steeper if we had not estimated D, values (Figure 13), demon-
strating the importance of estimating D,,,,. Kirchoff and Schenk (2010) were unusually willing to include
large craters, including two craters whose diameters were more than half the width of the count area -
Penelope (177 km) on Tethys and Tirawa (383 km) on Rhea. As a result, in those cases, we chose D,
values unusually close to the largest crater. In each case except for Enceladus and the bright terrain of
lapetus, we chose a D,,,, that was less than twice the diameter of the largest crater. On Mimas, in the
context of Kirchoff and Schenk (2010)’s willingness to include large craters, we estimated that the sub-
stantial size of the count area would imply a D,,,,, of 200 km. However, because the count area did not
include the 140 km Herschel crater, we chose a D,,,, of only 120 km to account for the possibility that
Kirchoff and Schenk (2010) deliberately excluded it. This is likely a conservative assumption - in other
terrains, Kirchoff and Schenk (2010) showed loyalty to avoiding the selection biased created by avoiding
large craters when drawing count terrains - but we wanted to err on the side of choosing smaller D,
values out of an abundance of caution. We can be sure that the steep branches are not artifacts of choos-
ing D,,qy values that are not small enough because they would have still been observed even if we had
chosen D,,,, to be only slightly (5%) larger than the largest crater, as Supplemental Figure S1 shows.

The resolution of steep branches that clearly fall in the a 2 2.0 equilibrium domain supports the
equilibrium model. In fact, much of the evidence for the quasi-equilibrium model was due to statistical
artifacts of previous methods. For instance, in our SASH model results (Figure 13a), there is no evidence
of a return to a shallow branch for very large craters, and we believe it was an artifact of binned plots.
Kirchoff and Schenk (2010) proposed the shallow branch because they consistently found that the largest
bin plotted well above the steep branch (Figure 13c). For instance, Figure 13c reproduces Figure 5 from
Kirchoff and Schenk (2010), showing how the largest bins in both the Dione cratered plains distribution
and the global basins distribution appear well above the steep branch on a binned R plot. However, as
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we discussed in Section 4.2, the right-hand bin is biased upwards because binned plots omit zero-crater
bins. When we correct for this bias by extending the right-hand bins over the zero-crater bins to their
sides, the evidence for the shallow branch for very large craters disappears, and the right-hand bins fall
right in line with the steep branch. This simple explanation confirms the results of Robbins et al. (2021),
who examined this question for Mimas specifically with a more complex statistical analysis, concluding
that the largest crater, Herschel, is not an outlier.

Bell (2020) could not rule out the quasi-equilibrium model because he found shallow (a = 2.2) slopes
that were only barely in the equilibrium domain. This was due to the shallow slope bias of binned
cumulative plots (Figure 4), which Bell (2020) exacerbated by making plots with median method error
bars. Moreover, because of the limitations of binned cumulative plots in resolving the true shape of the
SFD, which prevented him from resolving Rhea’s inflection point at all, Bell (2020) incorrectly concluded
that these terrains had consistent inflection point diameters around ~12 km. However, the SASH model
shows that the inflection points clearly fall at different diameters. We estimate them at: ~22 km for Mi-
mas, ~5 km for Enceladus, ~13 km for Dione, ~15 km for Tethys, and ~45 km for Rhea. Each of these inflec-
tion points falls at an absolute density consistent with equilibrium saturation. In equilibrium saturation,
the rollover density generally falls in the 0.1 £ R < 0.3 range, but it can be highly variable (Richardson,
2009), especially when lighting conditions vary (Ostrach, 2013), as they do for Cassini data. These find-
ings strongly support the equilibrium model. If the quasi-equilibrium model were correct instead, if the
rollovers were a real feature of the production function, the moons would have to be cratered by very dif-
ferent populations whose SFDs each just happened to roll over at a diameter consistent with equilibrium
saturation.

This has major implications. Under the equilibrium model, the portions of the SFD below the inflec-
tion point are saturated and do not reflect the production function. This matters because these shallow
small crater portions of the SFD have been heavily interpreted as reflecting the production function. For
instance, they have been cited both as evidence of planetocentric cratering by bodies orbiting Saturn
(e.g. Ferguson et al., 2020; Ferguson et al., 2022; Ferguson et al., 2024) and heliocentric cratering by
bodies orbiting the sun (Bottke et al., 2024).

Empirical saturation observations further strengthen the case that these portions of the curve do
not reflect the production function. For instance, Ferguson et al. (2020) cited the small diameter ends
of these SFDs, where the slope rolls over to become much shallower than a = 2.0, as evidence of the
quasi-equilibrium saturation model. However, SFDs in equilibrium often roll over to very shallow slopes
in this exact way (Xiao and Werner, 2015). For instance, Xiao and Werner (2015)’s SFD for the Cayley Plain
on the Moon reached equilibrium at D = 850 m and rolled over to a very shallow slope of a = 1 forD <
500 m. Spatial statistics also support equilibrium saturation. Equilibrium saturation causes craters to
become more uniformly spaced, and quasi-equilibrium saturation causes craters to become less evenly
spaced (Kirchoff, 2018). The cratered plains of Mimas, Tethys, and Dione have very uniformly spaced D >
6 km craters, indicating equilibrium saturation (Kirchoff, 2018).

To explore how the SFD would behave if the quasi-equilibrium theory were correct, we applied the
SASH algorithm to the Robbins (2019) global database of D > 2 km lunar craters to resolve an R plot of
the whole farside of our Moon in unprecedented accuracy. (Because the boundaries of the highlands on
the nearside are heavily affected by the largest craters, a human-defined unit tracing the boundaries of
the highlands might suffer from selection bias, so the whole farside SFD provides a more neutral view.)
According to the “new” NPF (lvanov et al., 2001), the lunar production function has a steep branch with
a > 2 for D < 6 km, enters a shallow branch in the a < 2 quasi-equilibrium domain for 6 km < D <52 km,
and then returns to the a > 2 equilibrium domain with a steep branch above an inflection pointat D =
52 km (Figure 13n). Under the Richardson (2009) model, although the slopes should become shallower,
the portions of the SFD below the inflection point should still reflect the production function.

In the observed farside distribution, however, this does not happen. Even though the D < 6 km steep
branch is a robust feature of the NPF, it does not survive saturation in the farside distribution. Instead,
there is a shallow branch over 2 km < D <13 km. For 13 km < D <24 km, the whole farside distribution
shows a steep branch - a feature entirely absent from the production function. With an N of 276 692,
these features are very robustly resolved. The farside SFD makes clear that the SFD below an inflection
point from a shallow a < 2 branch to a steep a > 2 branch can deviate dramatically from the production
function. Even if the Kirchoff and Schenk (2010) quasi-equilibrium theory were correct, the portions of
the SFD more than a factor of ~2 below the inflection points could not be interpreted as reflecting the
SFD.

The improved SFD resolution from the SASH method also reveals a different picture of the Kirchoff
and Schenk (2010) lapetus cratered plains data. Multiple studies have interpreted these data as reflecting
the production function (e.g. Bell, 2020; Bottke et al., 2024), but the SASH model results cast doubt on
this interpretation. With the coarser resolution of binned R plots, Kirchoff and Schenk (2010) concluded
that the bright terrain and dark terrain have similar SFDs. The SASH model reveals that the SFDs do not,
in fact, match (Figure 13a). For D 2 12 km, the dark terrain is less heavily cratered than the bright terrain
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(Figure 13a), aresult that holds when human error and additional error factors are included (Figure 13m).
In a synthetic model, we tested whether the bright terrain SFD could be observed if the true SFD matched
the dark terrain SFD. The results (Figure 13j) show that the mismatch is probably not due to random
chance.

The dark terrain does show a steep branch above ~60 km, but the SASH model does not resolve it
definitively. As with other steep branches, we ran a synthetic model of the SFDs that could have been
observed if the steep branch were not present (Figure 13i). The steep branch only plotted slightly outside
the 1o-equivalent error envelope. Considering that the synthetic error model only includes counting
error, and 1o is a rather low bar for error, the steep branch on the dark terrain could be a real feature,
but we cannot rule out the possibility that it may be a statistical anomaly. In the light terrain, no steep
branchis evident, but the synthetic test of the dark terrain SFD at the N value for the bright terrain shows
that a steep branch could easily be present (mechanically: the SASH model of the dark terrain was used
as the PDF from which random draws were made to test between it and the light terrain).

For both terrains, we ran synthetic models of a straight linefit (in log-log space), calculating the mean
a from the Truncated Pareto method. This synthetic model shows that the bright terrain SFD’s bumps
and wiggles are not statistically robust (Figure 13k). In the dark terrain, with its higher N, the synthetic
model suggests that features like a steep branch from ~11 km to ~19 km (Figure 13l) are probably robust.

The mismatch between the bright and dark terrain SFDs is likely due to the fact that the dark terrain
count area contains the 409 km Falsaron Crater, parts of the even larger Turgis Crater, and their ejecta
blankets, as well as some areas farther away. As a result, it combines younger resurfaced areas with
densely cratered plains. One potential interpretation of the dark terrain data could be that the steep
branch above ~60 km reflects the production function, the ~60 km rollover reflects equilibrium satura-
tion in the cratered plains, and the steep branch from ~11 km to ~19 km reflects where the production
function can be observed on the younger resurfaced areas.

However, we urge caution. As our synthetic tests show, the data are not sufficient to conclude this
definitively. Because the steep branch cannot be definitively resolved, we caution against interpreting
any part of the lapetus SFDs we have generated from the Kirchoff and Schenk (2010) data as reflective of
the production function.

With the clearer resolution of the SFDs provided by the SASH model, a very different picture of the
moons of Saturn emerges. Mimas, Enceladus, Tethys, Dione, and Rhea have statistically robust steep
branches at the large crater end. These results strongly support the equilibrium saturation model, where
the shallow branch is in equilibrium saturation, and the steep branch follows the production function
(Figure 13b). Because of the limitations of previous statistical methods, many studies (e.g. Bell, 2020;
Ferguson et al., 2020; Ferguson et al., 2022; Wong et al., 2023; Bottke et al., 2024) misinterpreted satu-
rated data as reflecting the production function. However, our results also provide robust avenues for
future work. With the steep branches resolved by the SASH model, there is now a portion of the SFDs
that can be interpreted as reflecting the production function.

6 Conclusions

In our investigation into the theory of cratering statistics, we have laid out the fundamental math
behind the Age Problem, the Slope Problem, and the Plotting Problem - much of which has never been
used in planetary science. We confirm the insights of previous work: both the Slope Problem (Robbins
et al., 2018) and the Age Problem (Michael et al., 2016) can be directly solved from the underlying math
instead of plot fitting, and plot-based methods will introduce problematic errors and biases. However,
we have identified and addressed several errors and biases with previous methods.

Previous Age Problem methods did not apply the rules of random variable math when applying the
inverse chronology function to the crater count PDF, or in the case of Michael et al. (2016), they applied
an unrealistic prior assumption. As a result, they produced skewed ages whenever the cratering rate is
not constant. More fundamentally, they excluded all sources of error except for Poisson counting error.
In our Age Problem method, we properly apply random variable math to calculate the correct age PDF.

With counting error, we have identified the PDF of model count A as a Gamma distribution. We have
developed the math to incorporate random and systematic human crater identification error, random
and systematic diameter measurement error, area error, estimated chronology system error, D,,,;, selec-
tion error, and additional error factors. Without our corrections, diameter measurement error typically
produces artificially high ages because of the steep exponential slope of most production functions. Re-
viewing the literature, we have developed practical recommendations for estimates of these error fac-
tors. To demonstrate our recommended method, we provide an example Age Problem calculation.

For the Slope Problem over an open interval, we derive a fully normalized slope PDF from the Pareto
distribution and prove that it follows the Gamma distribution. With synthetic modeling, we show that
least squares fits to cumulative plots and the Robbins et al. (2018) MLE approximation are biased at low
N. For the Robbins et al. (2018) MLE approximation, we analytically derive this bias, exactly reproducing
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the synthetic results. For the Slope Problem over a closed interval, we derive a numerically normalized
slope PDF from the Truncated Pareto distribution.

For the Plotting Problem, we have developed a much more accurate method for making differential
plots. Our Slanted Average Shifted Histogram (SASH) method plots the full form of the differential plot
function (which is an unnormalized PDF). In synthetic tests, it significantly outperforms both Arvidson
etal. (1979) binned plots and the Robbins et al. (2018) Kernel Density Estimator, providing a much closer
match to the production function used to generate synthetic data. Because many other fields measure
the shape of roughly Pareto PDFs, the SASH method also has significant applications in other fields, in-
cluding the mathematical problem of tail density estimation.

We also identify and correct biased sampling in the Arvidson et al. (1979) version of the “unbinned”
cumulative plot, and we recommend avoiding cumulative plots because they do not show the full form
of the PDF. Instead, we recommend making differential or R (relative) plots with the SASH model, which
can much more clearly resolve the form of the SFD, especially at the low-N, high-diameter end.

To demonstrate the explanatory power of the SASH model, we apply it to crater counts of cratered
plains distributions of the moons of Saturn (Kirchoff and Schenk, 2009; Kirchoff and Schenk, 2010). With
clearer resolution of the SFD, the SASH method reveals that the cratered plains of Mimas, Enceladus,
Tethys, Dione, and Rhea show steep a 2 2.5 branches at the large crater end that roll over to shallower
slopes for craters smaller than an inflection point. The diameters of these inflection points vary signif-
icantly, ranging from ~5km at Enceladus to ~45 km at Rhea, and synthetic modeling shows that these
features are statistically robust. Because of methodological limitations with previous statistical meth-
ods, previous work (Kirchoff and Schenk, 2010; Bell, 2020; Robbins et al., 2024) was unable to clearly
and unambiguously resolve these critical features. Because this observation supports equilibrium sat-
uration, it implies that the heavily interpreted shallow slopes of these SFDs below the inflection points
are saturated and do not reflect the production function.

We have written a Python package to allow others to implement our methods. It is available online
at: https://github.com/samwbell/cratersfd, complete with examples, including the code used to pro-
duce the results and figures we present here. Although there are further improvements to be made, our
methods free crater counts from many of the methodological problems that have long obscured their
full explanatory power.
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Appendix
A Rules of random variable math

Here, we lay out the rules of random variable math we use in this work. Note: we did not invent these
rules; they are well-established theorems we are restating for the reader’s convenience.
The equation for applying a function f to a random variable x is:

df'(y)
dy

where y = f(x), P, is the PDF of x, P, is the PDF of y, and f -1 is the inverse function of £. For instance,

when applying the inverse chronology function C~' to an N(1) random variable, the inverse of the inverse

chronology function is the chronology function €, so the equation for the PDF of age t when the inverse
chronology function is applied to a PDF of N(1) value n(1) is:

Py (y = f()) = Py (x = F(y))

' (A1)

d (C(t)

Pr(t = €7 (n(1))) = Pugr) (n(1) = €() — 7 (A2)
Equation (Al) can also be applied to any given mathematical expression. For instance:
y:'ﬂ 1 1
Py(y = x%) = Lpy(ye ) and Py (y = o) = P (g, ). (a3)

If the derivative or the inverse function cannot be computed analytically, we have implemented
methods in cratersfd to calculate them numerically for any arbitrary function. (For functions whose first
derivative changes sign, cratersfd will automatically find the inflection points, calculate multiple inverse
functions, and combine the probability values.)

To add or subtract two random variables together, the formulas are:

Peaal©) = [ PAIPa(c-x)dx and Peuas(c)= [ Pal)Polc s X)dx (84)

wherex isan arbitrary integration variable,and A, B,and C arerandom variables. (In mathematical terms,
Equation (A4) is the same as the convolution operation used in signal processing, and it can be calculated
efficiently with Fast Fourier Transforms.) The formulas for multiplying and dividing two random variables
are:

oo PA(X PB
Pc_ag(c) = f ( )dx and Pc_ p(c f PA(x)Pg(cx)|x|dx. (A5)

In practice, as long as both random varlables are always positive, it is typically much more computa-
tionally efficient to apply the log function to the random variables, add or subtract them, then apply the
function f(x) = 10* to the result. This is mathematically equivalent to multiplication or division, and it
allows the use of Fast Fourier Transforms.

Because we were unable to identify a Python package for performing random variable math, we built
one. With cratersfd, users can create RandomVariable objects. Functions generate RandomVariable ob-
jects for use cases like A, a, crater SFDs, and ages. Users can create their own custom RandomVariable
objects with X and P arrays that define the PDF. To plot PDFs, there is a .plot () method. To apply a
function, thereisan . apply () method. Simple arithmetic happens symbolically. Forinstance, if rv1,
rv2, and rv3 are all RandomVariable objects, users could type: (rvl + rv2) / rv3. Error bars
can be calculated for any of the error methods in Appendix C, and RandomVariable objects have a long
list of methods that provide many other functionalities.

If both random variables follow a normal distribution, when they are multiplied together, the mean
will be the product of the two means, and the o parameter of the normal distribution (which equals the
standard deviation in the case of the normal distribution) will follow what is known as the quadrature
rule:

GAB = '\'O‘Az + OBZ. (A6)

Underthe lognormal quadrature rule, when two lognormal random variables are multiplied together,
Equation (A6) applies to the o = In(1 + p) parameter of the lognormal distribution (which is not the same
as the standard deviation of the lognormal distribution). For two lognormal variables with a percentage
error, where p is percentage (e.g. p = 0.3 for 30%), the percentage error of the multiplied lognormal
random variables will be:
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P = e+ +(n1+pe)” _ 1. (A7)

To combine the information from two PDFs of the same variable, one representing our prior knowl-
edge and onerepresenting the likelihood information we gain from additional data, we use Bayes’s Rule:

Pposterior(x)

_ Plihelihood(X)Pprior(X)
.[_:, Plikelihood(t)Pprior(t)dt

(A8)

We multiply together the probability values of the two PDFs at every value of the variable and then
normalize the resulting PDF so that it integrates to 1.

For the Age Problem, if the prior is quantified in terms of age, then €' should not be applied to the
N(1) PDF with Equation (A1). Instead, the N(1) PDF should be scaled by €7, as Michael et al. (2016) did.
However, if an age prior is used, we strongly discourage a uniform age prior, which biases the model in
a way that rarely reflects prior information. Instead, if age analysis is being done with Bayesian priors,
we recommend constructing specific priors based on prior information specific to the problem at hand.
When this is done, we strongly recommend incorporating the prior information that the cratering rate
itself provides: craters and geologic features linked to cratering are likelier to have formed when the

cratering rate is higher.

A full discussion of priors and Bayesian analysis lies outside this scope of this work. What we pro-
pose here instead is a practical consistent standard. Instead of imposing a specific prior structure on the
data, we suggest simply applying random variable math to the data we observe. (Implicitly, this is equiv-
alent to a uniform prior in crater count space.) If priors are used, we strongly recommend that priors be
carefully constructed and clearly disclosed.

A.1 Incorporating human crater identification error

In Section 2.2, we model the random human crater identification error kernel with a lognormal error
kernel with percentage p, around each individual crater. Here, we derive an equation for the percentage
error p, of human crater identification error assuming that p, is identical for each crater. To calculate
Er, the error kernel around the model count A, we need the sum of each of the individual random error
kernels &, divided by the total count N (Equation (8)):

_ Z:\’ﬂ 8",’

Er N

(A9)

To calculate the sum, we apply the theorem for the variance (Equation (C2)) of a lognormal random

variable X:

Var (&) = (e"2 - 1)e2“*"2. (A10)

2
Because i = —%, and o = In(1 + p) (Equation (7)), this reduces to:

Var(&,) = e('”(“p’i))2 -1, (A11)

where p,. is the percentage error for €. The Bienaymé Identity gives the variance of the sum of indepen-

dent variables X; with weights a;:

N N
Var(z G,‘X,’) = a,-ZVar(Xi). (AlZ)
i=1 i=1
Thus:
T &) < Var(€:)
Var (&g) = Var( N = Z TP (A13)
Assuming the &, are identical:
N
Var(&,) Nvar(&,) Var(&,
Var(é‘R) _ Z N(2 I’l) - NZ( ﬂ) - ,\(’ fl). (Al4)
i=1
Applying Equation (A11):
e(In(1+p)* _ 1
Var (&g) = — N (A15)
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Next, we apply the Fenton-Wilkinson Approximation, approximating £, as a lognormal random vari-
able. Although the sum of lognormal random variables is not quite lognormal, this common approxima-
tion is very good - almost certainly more accurate than the approximation that human crater identifica-

2
tion error is perfectly lognormal. Because p = —%, Equation (A10) becomes:

2

Var(&g) =¢€e% - 1. (Ale)
Then, we solve for the o = In(1 + p) parameter of the lognormal random variable &g:
, en(1+p)?* _ ein(1+p)* _ q
e 1= ———— o= nf————+1)|. (A17)

Applying the lognormal quadrature rule (Equations (A6) and (A7)), when we combine E, with the ker-
nel for systematic counting error, we produce afinal equation for the percentage error p;, of the combined
human crater identification error kernel:

n(1+pr 2
\/ln(—‘*’(l d : -1 q)+(ln(1+ps))2
p,=e -1. (A18)

A.2 Incorporating diameter measurement error

Correcting for diameter measurement error presents several complications, each of which we have
solved. To begin with, there is a difference between the PDF that describes the error in the forward prob-
lem, measuring a crater, and the PDF of possible values of a crater’s diameter given a known measure-
ment error, the reverse problem. This distinction is similar to the difference between the observed count
N and the model count A. To find the reverse problem PDF, we simply express the lognormal PDF equa-
tion in terms of the true diameter D instead of the observed diameter D psepeq:

2
(In(1+p))
( InDopserved-In D+ % )
e

2In(1+p))?

P(D) (A19)

Dobservedm In(1 + p)

where p is the percentage error.

As we describe in Section 2.3, the shape of the production function means that diameter measure-
ment error causes an artificially high N at any given diameter. To correct for this effect, we remember
that diameter measurement is only one source of information about crater diameter. The SFD itself is
another. Before the measurement is made, the SFD provides us with prior expectations about crater di-
ameter. Both the measurement uncertainty and the SFD are PDFs of diameter. In Bayesian terminology,
the SFD is the prior, and the measurement uncertainty is the likelihood, so we incorporate them together
into one PDF with Bayes’s Rule (Equation (A8)). To find the SFD, we use the SASH algorithm (Section 4.2).
Once we have combined the SFD and the diameter measurement kernel, we have a diameter error kernel
we can apply to any diameter.

The mathematical treatment of diameter measurement error depends on whether it is random or
systematic. Systematic error is simpler to address because it shifts the whole curve the same way, so it
is equivalent to the curve being measured at a different D,,;,,. To incorporate systematic error, therefore,
we apply the systematic diameter error kernel €p_to Dy, creating a D, PDF. Then, we simply apply
random variable math. (If there is a D,,,,, we apply the function f(5_) = 2 (Dmin€p,) - 2 (Pmaxo,) to
&,

With random error, however, we must address each crater individually. When we apply the combined
diameter error PDF to each individual diameter, it is no longer certain whether it falls above or below D,,,;,,.
Ifitis close to D,,;,, the chance that it lies between D,,;, and D,,,,, (and should be included in the count of
N for the Age Problem) equals the integrated probability of the PDF from D,,;, to infinity (or D,,,,). Each
crater, then, has a probability of counting towards N. Because N is a discrete variable which must have
whole number values, the distribution of N values will be a Probability Mass Function (PMF) instead of a
Probability Density Function (PDF). To calculate the PMF of N, we turn to the Poisson-Binomial distribu-
tion, which describes the PMF of the sum of individual trials, each with a probability of counting towards
the sum:

P(N) = 21—” [ " eint TT(0 - py) + pre®)dt = 7 (]'[ ((1- pe) + pke")), (A20)

k=1 k=1
where n is the total number of individual probabilities p,. By expressing Equation (A20) in terms of the
inverse Fourier operator -1, we can evaluate it efficiently with Fast Fourier Transforms.
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Figure Al | A synthetic model testing our method for correcting the bias from random diameter measurement error (see Section 2.3 and Ap-
pendixA.2). Here, we simulated measuring N at D,,,;,, =30 m from 2000 D =10 m NPF synthetics with diameter error added in. For each synthetic, we
apply our corrections and calculate a PMF of predicted N values, then we calculate the ratio of our mean estimate of N to the true N. These results
show that we can successfully remove nearly all the bias. For instance, our method reduces the 11.9% bias at 20% in Figure 2 to just 0.5%. The
primary reason for the very small remaining bias is that diameter measurement error slightly biases the shape of the SFD.

41

Once we have the PMF of N, we use it to calculate the PDF of \. When random variable math is applied
to a discrete random variable, the resulting PDF (or PMF) becomes a weighted sum of the PDFs (or PMFs)
calculated from each possible value of the discrete random variable. To calculate the PDF of A from the
N PMF, we calculate a PDF of A for each possible value of N with Equation (6) and combine these PDFs in
a weighted sum:

k

PAN) = > wiP (A;N;), (A21)
i=1

where the weight w; is the probability of N; under the N PMF. This is not a sum of random variables; the

individual probability values are summed, and then the resulting PDF is normalized. Figures 12u-12w

show an example of this calculation when the D,,,;, PDF is approximated as a PMF (see Appendix A.3). Fi-

nally, we take the A PDF thatincorporates the N PMF from random diameter error and apply Equation (11)

to calculate the age.

To test our method, once again, we generate a random set of craters and apply random diameter
error to each crater to produce a synthetic dataset with random error. For each synthetic, we apply our
corrections and calculate a PMF of predicted N values, then we calculate the ratio of our mean estimate
of N to the true N. As Figure Al shows, our method accurately estimates the true N, correcting the bias of
random error in diameter measurement.

While our method is highly accurate, making it perfectly accurate will require future work. For in-
stance, in our synthetic trial of 20% random error, our method retains a small 0.6% bias after correcting
for the 11.9% bias. The primary reason for this discrepancy is that diameter measurement error slightly
biases the shape of the SFD. With future work to correct the SASH model for random diameter error, this
small discrepancy should shrink still further. Future work is also needed to incorporate the uncertainty
of the SFD shape measured by the SASH model into our random diameter measurement error problem.
This is a nontrivial problem, but the SASH model is accurate enough that these effects are marginal,
except at low N.

The math for incorporating our method is fairly complex. To make our diameter measurement error
methods easy to use, we have written Python functions to make these calculations and included them
in cratersfd. When doing an age calculation, cratersfd automatically assumes our default recommenda-
tions of 5% random and 1% systematic diameter measurement error, and it allows users to specify their
own values for their data.

A.3 Incorporating D, selection error

Because the choice of D,;, affects N, incorporating the D,,;, PDF into the Age Problem calculation is
more complex than a simple random variable multiplication. First, we sample the D,,;, PDF at regular
intervals to approximate the PDF as a PMF of discrete values (Figure 12u). (By default, we use 50 samples,
but more can be used for higher precision.) The PDF of N(1) then becomes:

k
P (N(1); Dyin) = > w;P (N(1); Dy, ), (A22)
i=1
where the weight w; is the probability of the D ,;, PDF sample Dy, .
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Next, we incorporate random diameter measurement error to calculate the PMF of N for each sam-
pled D, value, as described in Appendix A.2 (Figure 12v). Then, we calculate an N(1) PDF from each D,,;,
value and its corresponding N PMF:

N
Zi=observed &,
&= &8 Z—"1)]A
Nobserved

N(T) = -

(A23)

p(1km) )
ﬂ(gDSDmin)

calculating A from the N PMF as described in AppendixA.2 (Figure 12w). These N(1) PDFs are then weighted
by the probability of that D, in the D,,;, PDF (Figure 12w). Once the N(1) PDFs are weighted, they are
combined with an element-wise addition (Equation (A22)) to produce a final N(1) PDF (Figure 12w). Fi-

nally, we apply the inverse chronology function € to the final N(1) PDF to calculate the age PDF (Fig-
ure 12r), first multiplying by € if we are including chronology system error (Figure 12s).

B NPF Error Model

To construct an error model for the NPF, we used a linear interpolation in log space between the error
estimates of Neukum et al. (1975a) and Konig (1977) at individual diameters: Neukum et al. (1975a)
estimated the error as +50% at D = 300 m +10% at D = 800 m, no error at D = 1 km, +10% at D = 3 km
and £25% at D = 10 km, and +50% at D = 20 km. With updated data on the lower D end, Konig (1977)
shifted the diameter for +50% error to D =100 m. Because Neukum (1983) and Ivanov et al. (2001) did not
update the large D error estimates, we must estimate the error model improvements from these works.
Acknowledging that any choice is arbitrary, we choose to replace the £25% at D = 10 km and +50% at D =
20 km points with a +50% point at D =75 km.

Neukum et al. (1975a) and Konig (1977) phrased their error model in terms of error in N(1) at a par-
ticular diameter, but for the Age Problem, what matters is the error relative to the diameters where the
chronology function was calibrated. To calculate the relative error between two diameters, we turn to the
lognormal quadrature rule. If the two diameters are on opposite sides of D = 1 km, then they are added
in lognormal quadrature with Equation (A7). If they are on the same side, then they are subtracted in
lognormal quadrature:

Pag = e\/(ln(1+Pfurthest))2‘(ln(1+pclusest))2 _ 1’ (Bl)

where p osest 1S the percentage error for the diameter closest to 1 km, and pg,,i.es: is the percentage error
for the diameter furthest from 1 km.

C Error bar methods

In this appendix, we have three goals. First, we review the theory of error bars to derive the /N ap-
proximation, which Arvidson et al. (1979) simply asserted. Second, we address the specific question of
the best error bars to use on Arvidson et al. (1979) plots of crater SFDs for the purpose of slope measure-
ment in the synthetic modeling of cumulative plots (see Section 3.1, Section 4.1, and Appendix E). We
review existing methods, show that they are inadequate, and propose a more accurate method. Third,
we define the methods we use in the rest of this work and discuss the general problem of representing
a PDF as a single value with error bars.

C.1 Derivation of the /N approximation

In an era when less computational power was readily available, Arvidson et al. (1979) standardized
error bar methods with an approximation: assume the erroris normally distributed with a mean of N and
a standard deviation of y/N. Although this VN approximation has been widely adopted, Arvidson et al.
(1979) never justified why it should be used. Here, we derive this approximation and prove that it breaks
down when N is not high.
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From the mathematics of random variables, any random variable can be described with a series of
moments. The first moment is the mean, u:

e [w xf(x)dx, (C1)

where x is the random variable, and f(x) is its PDF. The second moment is the variance o?:

o= [ - wProoax. ()

By convention, standard error bars in crater counting and many other fields are set equal to the
square root of the variance, the standard deviation, o. Even if a distribution is asymmetric, the standard
deviation is symmetric. The third moment, the skewness, y, quantifies asymmetry:

L2 (x - uPf(x)dx
o3 ’

(C3)

From the theorems of the Gamma distribution, the mean (u), standard deviation (o), and skewness
(y) of the A likelihood PDF are:

Js 2 s=N+T;r=1

s
gy=-,0=—,andy=— - p=N+1,0=VN+1, andy =
r r Js

2
) (C4)
VN +1
where s =N + 1 and r = 1 are parameters of the generic form of the Gamma distribution (Equation (5)).
As N becomes large, N +1 - N,y —» N,and o — JN. If we take the limit as N approaches infinity, the
skewness approaches zero, and the PDF approaches symmetry:

2
limy-= = 0. (C5)
N—oo /N +1

For large N, the distribution will approach a symmetric distribution with a mean of N and a stan-
dard deviation of /N. For lower values of N, however, the approximation does not hold. At lower N, the
skewness is not negligible, and the PDF is definitively asymmetric. Moreover, at low N, the mean, N +
1, cannot be treated as N, and the standard deviation, VN + 1, cannot be treated as /N. Although valid
at high N, the Arvidson et al. (1979) /N approximation is not valid at low N, where counting error is the
most significant.

C.2 Existing methods

Despite its inaccuracy at low N, no consensus has emerged on the best alternative to the /N approxi-
mation, and it continues to be used for plots. Proposed alternatives (Kreslavsky, 2007; Fassett and Head,
2008; Michael and Neukum, 2010; Kreslavsky et al., 2015; Michael et al., 2016; Robbins et al., 2018; Bell,
2020) use percentiles for the upper and lower bounds. The 15.87™ and 84.13% percentiles fall at the 1o
boundsin a normal distribution, and we can use these percentiles to approximate 1o error bars for a PDF
of any shape. For instance, for the Gamma distribution A PDF from an observation of N = 4, these values
are 7.16 and 2.84. To determine error bars, we must also pick a central value to represent the PDF, and
we will refer to each method by its central value: if it is the mean, we call it the mean method,; if it is the
median, we call it the median method; and if it is the mode (maximum likelihood value), we call it the
mode method.

Kreslavsky (2007) and Kreslavsky et al. (2015) proposed a version of the mode method that used
90% confidence intervals and calculated the lower bound using N - 1 instead of N. Neither Kreslavsky
(2007) nor Keslavsky et al. (2015) explain this anomalous choice of lower bound, and we believe it to be
a typo. Robbins et al. (2018) rejected the Poisson assumption and generated an error distribution from
the bootstrap, and they used the mode method to reduce it to a single value and error bars.

To calculate error bars on ages, Michael and Neukum (2010) and Michael et al. (2016) proposed using
the median method, but they continued to use the /N approximation for plots. Bell (2020) applied it to
plots, but we disagree with this decision. When applied to plots, the median, mean, and mode methods
can be highly misleading - especially when used to measure SFD slopes (as Bell, 2020 did).

The median value on an observation of 1 is 1.68, and the median value on an observation of 20 is
20.67. On a log-log plot, using the median value would artificially deflect low-N bins upwards by much
more than higher-N bins, creating artificially shallow slopes. This would only increase the shallow slope
bias of fits to cumulative plots (Figure 4).
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C.3 Our proposed method: fitting an asymmetric normal distribution

To these existing methods, we suggest an alternative approach. Here, we make the mode (maximum
likelihood value) the central value. To determine the error bars, we split the PDF at the mode. For each
side, we fit half of a normal distribution. The error bars are the standard deviations of the half normal
distribution fits on each side. We call this the linear method. To represent the error bars for log-log plots,
we scale the PDF into log space before fitting it to two half normal distributions. We call this the log
method.

Although we do not recommend using Arvidson et al. (1979) plots, if one were to fit a slope to Arvid-
son et al. (1979) plots, we would recommend log method error bars. In our synthetic tests, log method
error bars improve the results significantly (Figure 4). Least squares fits assume a normal distribution,
and our asymmetric least squares model assumes the asymmetric normal distribution we fit in the log
method.

D Derivation of the open interval slope PDF

Aswedescribedin Section 2.1, when we have the equation fora PDF of one variable, the PDF equation
will give the relative likelihood of other variables. For the absolute PDF of another variable, we must
normalize it so that the PDF integrates to 1 for that variable. This can be done numerically, but if we can
show that the new PDF follows a known distribution, we can use the theorems of that distribution to
derive the normalized PDF. When we derived the PDF of A from the Poisson distribution (Equation (6)),
we normalized it by proving that it follows a Gamma distribution. When we derive the likelihood PDF of
negative slope a from the Pareto distribution, we will follow a similar approach.

First, we write the Pareto distribution (Equation (13)) in terms of a to give the relative likelihood PDF
ofa:

aDmina
P(a) x po+1

Because Equation (D1) gives the relative probability as a function of a, we can remove the D in the
denominator because D does not depend on a:

(D1)

o
c(Dmin

DC(

As Equation (6) gave the likelihood PDF of A from an observation of N, Equation (D2) gives the like-
lihood PDF of a given an observation of D. This might seem odd: How can a single diameter provide
evidence of a slope? The answer is that for every observation of D, there is also a second piece of infor-
mation: D,,;,. If an individual crater is observed much larger than the minimum diameter, it is evidence
of a shallower slope. Ifit is very close to the minimum diameter, it is evidence of a steeper slope.

Note that Equations (D1) and (D2) are no longer normalized. The normalization of the Pareto PDF
assumes D as the variable, not a. To derive the normalization, we reformat Equation (D2):

P(a) « (D2)

a
aDmin

Dmin

- P(a) « a(eln( D ))“ - P(a) « ae_aln(Dr:in). (D3)

P(a) o

Equation (6) shows the generic form of the Gamma distribution of variable x with shape parameter
s and rate parameter r. As is standard for PDFs, it is normalized so that it sums to 1 when integrated
to infinity. If we reformat Equation (6) as the relative probability of variable x, then we can remove the
normalization because it does not depend on x:

raxs—1 -rx

r(s)

revealing the unnormalized Gamma distribution. If we compare Equations (D3) and (D4), we can see
that, as reformatted, Equation (D3) now takes the form of a Gamma distribution, where:

P(x) = P(x) = > P(x) x5 1e ™, (D4)

X=0q,s=2, andr=ln(

D ) (05)

min
Equation (6) gives the normalized form of the Gamma distribution for given values of s and r, so a
Gamma distribution formatted as Equation (D4) can be normalized by applying a factor of:

@. (D6)
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Applying the s and r values (Equation (D5)), the normalized form of Equation (D3) becomes:

p(a):a(m(ng))Z(Dim)‘“. o7)

With Equation (D7) we can calculate the likelihood PDF of negative slope a from a single observation
of a crater with diameter D. One crater, of course, is not enough to robustly determine the slope, so we
must combine the information from multiple observations. Applying Bayes’s Rule, we multiply together
the values of the a likelihood PDF at every value of a for each observed diameter D;. Figure 6n shows the
a likelihood PDF for each crater, as well as the combined PDF from all the craters.

While we can calculate it numerically, it is more efficient to calculate the combined PDF analytically.
Beginning in relative probability, we multiply together the PDF values from Equation (D2) for every D;,
producing a combined likelihood PDF from every observation:

P(a) o« o ﬁ (%)u_ (D8)
i=1 !

Robbins et al. (2018) derived Equation (D8), but their version contains a typo where (1 + D;) is used
instead of D;.
Next, we apply an algebraic transformation:

N N - v [0\ N o \*
Din . D; ¢ ln(ﬂi=1(D i ) ) i In| =
H( D; - H Dmin -e e (Dmm) (D9)
i=1 i=1
and reformat Equation (D8) into an unnormalized Gamma distribution (Equation (D4)):
s ()" st tnf -2
P(a)  aVe™™ n(Dmin) - P(a) x ale ain n(Dmin)’ (D10)
where:
N D.
x=a,s=N+1,andr=Zln( ’). (D11)
i=1 min

Applying the normalization (Equation (D6)), the combined likelihood PDF of a for all observations of

D; becomes:
N D: N+1 N D a
ol ) m ()

P(a) = N ) . (D12)

With Equation (D12), we can calculate the explicit PDF of negative cumulative slope a directly from
the observed diameters. Like the PDF of model count A, the PDF of a follows a Gamma distribution.

E Details of synthetic modeling

The synthetic model in Section 2.1 generated crater counts with varying N from a known model count
A. In other applications - such as when we measure the bias of least squares fits to cumulative plots (Sec-
tions3.1and 4.1) or study the error of the SASH model with synthetic modeling - we have a fixed N. With a
fixed N, the computation is much more straightforward. Because crater SFDs are random variables, and
the differential plot is an unnormalized PDF, generating a random dataset of N craters from a production
function is equivalent to drawing N samples from a PDF.

This is a well-studied problem with many available methods. Like Robbins et al. (2018), we use the
Inverse Transform Sampling method for computational efficiency. For this, we leverage the fact that the
cumulative plot form of the PDF gives the integrated probability. We generate a D array of 10 000 diame-
ter points from D,,;, to D,,,,, (for open intervals, we choose a large D). Then, we apply the cumulative
production function to D to create a C array. To normalize the C array, we divide every point by the C
array’s maximum value, the value at D,,;,. When normalized, the C array ranges from 0 to 1. Then, we
generate N random numbers from 0 to 1. To convert each random number to a random crater diame-
ter, we interpolate it from the normalized C array to the D array. For a graphical representation of this
method, see Figure 13 of Robbins et al. (2018).

To measure the accuracy of least squares fits to cumulative plots and the Robbins et al. (2018) MLE
method, we use a production function with a cumulative slope of -2 (a = 2) and a range of N values.
Because the Pareto distribution gives the PDF of crater diameter for a distribution with a constant q,
when a is constant, we use an even more computationally efficient process to generate synthetics: we
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draw N samples from an a = 2 Pareto distribution with the random. pareto () function in the NumPy
Python package. For each N, we generate 100 000 craters, measuring an empirical slope PDF from the
histogram of each method’s results. For these PDFs, we use the mean error bar method.

E.1 Error bars in synthetic modeling of Slope Problem methods

In our least squares synthetic models, we apply three forms of error bar: no error bars, symmetric,
and asymmetric. For the asymmetric error bars, we choose the log method, since it most closely ap-
proximates the asymmetric normal distribution that our asymmetric least squares method uses. For the
symmetric error bars, we averaged the asymmetric error bars (in log space).

In most cases, in the traditional Slope Problem method of fitting the data on a cumulative or differ-
ential plot with least squares, the error bars receive very little, if any, discussion. From Neukum (1983) to
Schenk and Zahnle (2007) to Liu et al. (2023), plots are shown with Arvidson et al. (1979) JIN approxima-
tion error bars, but the authors do not indicate what, if any, method they used to incorporate the error
barsinto the least squares fit, even though different formulations of least squares have different assump-
tions and will produce different results (e.g., orthogonal versus vertical residual calculations, weighted
or unweighted). Without guidance in the literature as to what was actually used, we assume it was no
error bars or some symmetric version of /N approximation error bars. Complicating the matter further,
if symmetric error bars were used, there is no clear way to convert /N approximation error bars into sym-
metric error bars, since an average at N =1, where the lower error bar is - in log space, would be infinite.
If symmetric error bars were used, perhaps averages were used, with a specialized treatmentat N =1, or
perhaps only the upper error bars were used. Most symmetric versions of /N error bars should produce
broadly similar results to the symmetric versions of log method error bars we use in our symmetric fits,
but there will be slight differences.

The least squares method dominates curvefitting methods. Because it assumes normally distributed
error, its error bars are assumed to be symmetric. To create an asymmetric version of least squares, we
use aniterative approach. First, we average the error bars and apply symmetric least squares to calculate
an initial estimate for the best fit line. Then, we pick which error bar to use based on whether the point
is above or below the line and apply least squares with the chosen error bars.

Forinstance, for a point with an x value of log D; = -1and ay value of log p; = -3:93, we would initially
guess an error bar of o = 0.4. Imagine that we get values of m = -3.1, and b = -6.0 from symmetric least
squares, predicting that the value at our point will be mx + b =-2.9. Because -2.9 falls above -3, we would
then select the upper error bar, setting o = 0.3. We iterate this process until it no longer changes an error
bar. The model converges extremely quickly. In many cases, switching to the initial asymmetric error
bars does not cause any points to cross the line. We call this method asymmetric least squares.

F Derivation of the MLE bias found in synthetic results

In our synthetic model of fitting methods, the Robbins et al. (2018) MLE method (Figure 4) and the
corrected asymmetric least squares fits to the cumulative plot (Figure 4f) show a bias towards steeper
slopes. This result requires explanation. It is due to the asymmetry of the PDF. Each method, least
squares and Robbins et al. (2018) MLE, both center around finding the best fit model. For any PDF, the
MLE (or mode) gives the best fit, but the Gamma distribution is asymmetric, so the MLE is offset from the
mean. To derive this bias analytically, we rearrange Equation (17):

N

D; N
> ln(—’) = =, (F1)
i=1 Dmin a
substitute it into Equation (14), and rearrange it into a normalized Inverse Gamma distribution, with x =
a, shape parameter s = N, and rate parameter r = aN:

N(N)N*"I v N aN aN
aV(=) ea Ny o5 Ny g
N i - a"NNe a ~. (aN)'e a
P a— P I e———rE P = = - F2
@ e —r3my = PO = e (@ = “Fyan (F2)
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The generic form of the Inverse Gamma distribution is:

(rpe

We now have an expression for the PDF of the observed a that will be produced by a given model a.
As Figure 5b shows, it exactly matches the observed results of our synthetic model. From the theorem for
the mean of an Inverse Gamma distribution, the mean of a, u(a), is:

B x=G a=N;B=aN N
H(x) = P - p(a) = No1% (F4)
which we see in Figure 8b, where the mean of @ fora=2is2.2atN=11,2.1at N=21,and 2.04 at N =
51. (Note: Rytgaard, 1990 derived Equation (F4) - but not Equation (F2) - in a more complex proof with
a summation of exponential distributions.)

As this derivation shows, the Robbins et al. (2018) MLE method is biased for the same reason that the
Arvidson et al. (1979) \/Napproximation is biased: the Gamma distribution is asymmetric, and its mode
does not equal its mean. At high N, it will approach a symmetric distribution around its mode, but the
approximation will break down at low N. Because least squares methods also find the mode, they show
the same bias once we correct for asymmetric error bars and the biased sampling of the cumulative plot
(Figure 4f).

G Details of the SASH model

Here, we describe the SASH model in more detail. First, we split the data into an initial set of bins. In
order for the bins to properly capture the low-N, high-diameter part of the curve, we recommend that the
bins increase in size with diameter. Our default assumption is to start with an 18 per decade “Neukum”
bin at the lowest diameter end. With each subsequent bin, the bin width then grows by our default
growth rate factor of 212, Although the model performs well on most data with these default values, for
optimal performance, both the growth rate and the initial bin width should be altered depending on the
data.

Next, we shift the bins to create ng,;z, + 1 different sets of bins, where ng,z, is the number of shifts
we perform. We shift each internal bin edge (not the minimum and maximum diameters) to the left so
that the shifted bin edges stretch evenly in log space across the original bin to the left of the bin edge. To
preventthe smallest bin from getting too small, instead of shifting its right-hand edge all the way towards
the minimum diameter, we leave a buffer of 30% in log space. For ng,s, we suggest a default value of
200. This could also be varied to optimize the model, but we did not vary it in the SASH models we show
here (except in Figure 7). Whenever any bin has no craters, we merge it into the bin to its left. For the
right-hand edge of the plot, this creates a large bin containing the largest craters that stretches out to
Dox- By default, cratersfd assumes that D,,,, is ten times the diameter of the largest crater, effectively
creating an open-ended interval for the highest-diameter bin, but we urge users to accurately estimate
Dnax (Section 4.5).

Then, we use Equation (19) (the a likelihood distribution of the Truncated Pareto distribution) to
calculate the a PDF for each bin, and then we numerically calculate the mean of the a PDF for each bin.
Next, we plot the differential plot line over each bin’s interval (Figure 7a): with the mean a for each bin,
we plot the Truncated Pareto distribution PDF (Equation (18)), multiplied by the number of cratersin the
bin, N, divided by the terrain area, A. (This works because the differential plot is, by definition, the PDF
multiplied by N/A.) Together, the lines from each individual bin make up a differential plot line for each
set of bins. This gives us a set of ng,;z, + 1 differential plot lines, and we average them together to produce
the first run of the Slanted Average Shifted Histogram (Figure 7d).

Because the SASH model produces a more accurate slope estimate than the mean of the a PDF from
the Truncated Pareto method, we then repeat the process, but this time we measure the slope directly
from the SASH plot, taking the rise over run of the endpoints in log space (Figure 7f). Then, we repeat
the process three more times for a total of five iterations (Figure 7h). The iterations produce a smoother
plot that more faithfully represents the SFD.

Before the bins are shifted, we adjust the final bin’s left-hand edge to prevent two types of anomalous
results: (1) When the final bin begins right before the largest crater, it can create an anomalous bump in
the SASH model’s SFD results. To avoid this problem, we place a maximum diameter on the left-hand
edge of the final bin. The maximum diameter is the geometric mean of the diameters of the two largest
craters or 75% of the largest crater’s diameter, whichever is smaller. To prevent the maximum diameter
from creating a very small penultimate bin, we cap the maximum diameter at the original penultimate
bin’s center in log space (the geometric mean of its edges). (2) The final bin is not shifted, so the SASH
model produces a straight line in log space above the beginning of the final bin, missing the benefits of
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bin shifting. When the final bin begins too far below the largest craters, the final SFD misses meaningful
information about SFD variation across the final bin. To address this problem, when the final bin edge
falls below half the diameter of the largest crater, we impose a minimum diameter: the geometric mean
of the diameters of the third-largest and fourth-largest craters.

To prevent anomalous results, when we calculate the mean a from Equation (19), we truncate the
a PDF at a minimum of 10° and a maximum of 10. Critically, this truncation affects the calculation of
the mean because the probability of a falling outside this range is no longer included in the mean. In
the context of crater counting, where a rarely exceeds 4, the upper limit of 10 is unlikely to create any
issues. (When the SASH model is applied to problems where a could exceed 10, this upper limit should
be raised.)

We assume a lower limit right above 0 because a fundamental assumption of the SASH model is that
the PDF is roughly Pareto with a negative slope (positive a) on a differential plot. With crater counting
data, this assumption is nearly always valid, but there is one prominent exception: the rollover at low
diameters from erosion or resolution limits. In these cases, it becomes less likely to have a smaller crater
than a larger one, and the SFD rolls over to a positive slope (negative a) on a differential plot at the small
crater end. At these rollovers, the PDF has a curved shape that is not well approximated by a Truncated
Pareto distribution, but once it has rolled over to an upward-sloping curve, it often roughly follows a
Truncated Pareto distribution where a is negative (officially known as a Truncated Power Law distribu-
tion).

Even though the SASH model assumes that a is positive in the initial run, the iterations do allow
negative slopes. Once it has reached five iterations, the SASH model actually provides a quite accurate
estimate of the portions of a PDF with a negative a. However, the default binning scheme is optimized to
assume the data are roughly Pareto, so we recommend running the SASH model on the portions of the
curve with positive a (and negative slope).

With future work, the SASH model can be optimized to further improve its performance. A weakness
of the current model is that it requires user input on the binning scheme to optimize the results because
the optimal binning scheme depends on the SFD. This problem could be addressed by using an initial
run of the SASH model to help determine the optimal binning scheme. An initial run could also be used
to automatically identify portions of the curve that are not roughly Pareto. For these portions - and for
applications in other fields - the SASH model could be extended to infer another distribution, such as
a Linear distribution, from the samples within the bins. The current SASH model is optimized to the
specific problem of crater SFDs, but with a binning scheme approximated from an initial run, it could
be applied to any generic distribution without imposing assumptions about the underlying shape of the
PDF.

G.1 Details of synthetic modeling of SASH model error

Computational efficiency provides a limiting factor on synthetic modeling of the error of the SASH
model. Because we want our recommended methods to be easy to use, we have avoided recommending
methods that take an hour or more to run.

Computationally, we calculate these synthetic SFDs as arrays that give the differential plot value for
each value in an array of diameters. (By default, the diameter array has 10 000 points evenly spaced in
log space from D, to D,,,,.) For each value in the diameter array, we obtain a list of the differential plot
values for each synthetic.

The absence of error factors beyond counting error allows a simplification that greatly improves the
accuracy of the synthetic model at a lower number of runs. Because counting error was the only fac-
tor, Equation (6) governs, and the distribution of synthetic SFD values at any given diameter very closely
resembles a Gamma distribution. For each diameter in the diameter array, we fit the list of synthetic dif-
ferential plot values to a Gamma distribution with SciPy’s gamma . f1it () function, which fitsa Gamma
distribution from discrete samples. From this Gamma distribution, we then calculate 1c-equivalent per-
centiles for each diameter point. Because we do this for every point in the 10 000-point diameter array,
we calculate the error envelope at every point with no need for interpolation.

If we had simply calculated the 1o-equivalent percentiles from the raw histogram of the synthetic SFD
values, the results would be much, much noisier. By fitting a Gamma distribution, we can reach stable
results for the error envelope with only 1000 synthetics. By comparison, for the synthetic modeling of
least squares fits to cumulative plots, we calculated the percentiles from the raw histogram, and we
needed 100 000 synthetics to produce stable results.

For N < 5000, the SASH model runs in ~0.5 seconds or less on a MacBook Pro laptop. For published
plots, we recommend running 1000 synthetics, which would take ~8.3 minutes at ~0.5 second per syn-
thetic. This is too slow to be practical for quick interpretation of the data. Fortunately, the Gamma dis-
tribution approximation allows a fairly accurate assessment of the error envelope at just 100 synthetics,
so we recommend running the synthetic model at 100 synthetics for casual interpretation of the data or
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a quick check of a potential model SFD.

Conceptually, it is fairly straightforward to apply the math we develop in Section 2 for several of the
sources of error beyond counting statistics to synthetic modeling of SASH model results, but computa-
tional efficiency presents a challenge that will require future work to solve. For instance, in our synthetic
model of diameter measurement error (see Figure 2, Section 2.3, and Appendix A.2), we already laid
out how to add diameter measurement error to a synthetic model. However, applying these effects to
each synthetic would increase the computation time per synthetic. Moreover, incorporating additional
sources of error would produce a distribution of synthetic SFD values that no longer matches the Gamma
Distribution, so many more synthetics would be needed. With future work to solve the computational
problem, our synthetic modeling approach can easily be adapted to incorporate additional sources of
error, leveraging the math we develop in Section 2.3.
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From: Bell, S.W., and Robbins, S. (2026). The theory of cratering statistics: Significantimprovements to existing methods for ages,
slopes, and plots. Planetary Research, 1(1), 235. https://doi.org/10.53480/46d8-n314
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Figure S1|Areproduction of Figure 13awhere D, is chosen to be only slightly larger (5%) than the largest crater. Al-
though they are shallower, especially in the case of Mimas, the steep branches remain for all terrains except lapetus-
bright, showing that they do not depend on information from the absence of craters larger than the largest crater.
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